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Abstract

A non-linear elastic Generalised Beam Theory (GBT) is formulated and used to investigate the buckling behaviour
of aluminium and stainless steel thin-walled columns. The modifications that must be incorporated in the conventional
GBT, in order to handle the material non-linearity, are addressed and particular attention is paid to the need to define
the stability problem in terms of instantaneous elastic moduli. After validating the proposed GBT, by means of its
application to compressed rectangular plates, the unique features and capabilities of the theory are illustrated through
the presentation and discussion of results concerning C-section and RHS columns. Stress—strain laws of the Ramberg—
Osgood type are used to model the uniaxial behaviour and both J,-flow and J,-deformation plasticity theories are

implemented.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The structural applications of aluminium and stain-
less steel members have experienced a fast growth in the
last few years, mostly because these members exhibit
several distinct advantages, namely high strength/weight
ratios, corrosion resistance, pleasing appearance, ease of
maintenance, fabrication versatility and, last but not
least, increasingly competitive prices [1-3]. However,
cost and aesthetic demands often lead to the choice of
very slender thin-walled members, a feature which
makes them highly susceptible to local (local-plate or
distortional) and/or global buckling and must be ade-
quately reflected in their design rules. Naturally, efficient

*Corresponding author. Tel.: +351-21-8418403; fax: +351-
21-8497650.
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(safe and economic) member designs can only be
achieved if all instability phenomena are well under-
stood and accurately predicted.

Unlike carbon (mild) steel, aluminium and stainless
steel alloys exhibit an elastic—plastic behaviour charac-
terised by (i) the absence of a well-defined yield stress
and (ii) a marked non-linear uniaxial stress—strain law
(even prior to the 0.2% proof stress), which often in-
cludes a considerable amount of strain-hardening [1].
This form of material behaviour implies that members
buckle (either in local-plate, distortional or global
modes) mostly in the non-linear range. Since this means
that one must solve problems involving the plastic
bifurcation of elastic—plastic solids, it is worth recalling
that such phenomenon (i) is fully governed by the active
(instantaneous) elastic moduli and, in columns (uni-
formly compressed bars), (ii) always takes place at the
onset of elastic unloading and under increasing load
[4,5]. Thus, the bifurcation load of an elastic—plastic
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column may be determined through the analysis of its
hypoelastic counterpart [6,7]. This means that it is
indispensable to account for the evolution of the mate-
rial 3-D non-linear constitutive relations along the col-
umn fundamental equilibrium path, a procedure
requiring load incrementation during the pre-buckling
stage.

The characterisation of an elastic—plastic constitutive
relation involves specifying the material initial yield
surface (elastic limit), the strain-hardening rule (yield
surface evolution) and the flow rule (direction of the
incremental plastic strain vector). Moreover, when
dealing with bifurcation problems, one must be aware of
the well-known “plate buckling paradox”, described by
Hutchinson [7] as follows: “It was discovered that
bifurcation loads calculated using the simplest flow
theories of plasticity consistently overestimated buckling
loads of plates and shells obtained in tests. Calculations
based on the less respectable deformation theories of
plasticity gave reasonably good agreement with test re-
sults”.

The local buckling of a thin-walled member can only
be determined with accuracy if the cross-section defor-
mations are properly taken into account. The traditional
way to achieve this objective is resorting to computa-
tionally intensive numerical analyses, (i) performed by
means of the finite element (FE) or finite strip (FS)
methods and (ii) adopting fine meshes of 2-D (thin-shell
or strip) elements to discretise the member [8-10]. It is
fair to say that, in the context of linear elastic buckling
analyses, the recently developed Generalised Beam
Theory (GBT) formulations significantly altered this
situation.

The original GBT formulation was derived by
Schardt and his co-workers [11,12] and can be employed
to perform linear (first-order) and stability/bifurcation
analyses in thin-walled prismatic members made of lin-
ear elastic isotropic materials. Its innovative aspects are
the following: (i) a systematic procedure to incorporate
cross-section wall membrane and flexural deforma-
tions ! into the classic prismatic thin-walled bar theory,
thus leading to a “‘extended theory” that can capture
both local and global (instead of only global) phenom-
ena, and (ii) unique modal decomposition features,
which make it possible to obtain rather elegant and
clarifying solutions for a wide range of structural
problems involving thin-walled members and plate
assemblies (e.g., stiffened panels) [13,14]. Although
Schardt derived first-order GBT for both open and
closed-section thin-walled members [11], almost all the
readily available second-order GBT applications con-

! Note that these are genuine folded-plate theory concepts.

cern only the former case [12]. Indeed, up until very
recently, > research work dealing with a second-order
GBT for closed-section members could only be found in
a few reports published by Schardt and his co-workers at
the University of Darmstadt (in German) [13,18].
Moreover, it is worth noticing that Davies and his col-
laborators, who used GBT extensively to investigate the
elastic buckling behaviour of cold-formed steel (open-
section) profiles [19,20], played a major role in the
dissemination of Schardt’s work among the english-
speaking research community [21,22]. * In the past
couple of years, Silvestre and Camotim developed novel
GBT formulations for linear elastic open-section thin-
walled members, which can be used to assess (i) the
linear and buckling behaviour of arbitrarily orthotropic
laminated plate FRP (fibre-reinforced plastic) profiles
[23-25] and (ii)) the post-buckling behaviour of cold-
formed steel structural elements [26]. In all the above
cases, GBT has been established as a valid and often
advantageous alternative to fully numerical FE or FS
analyses.

The aim of this work is to present the formulation,
validate and illustrate the application and capabilities of
a GBT that can be applied to analyse the buckling
behaviour of thin-walled columns with open or closed
cross-sections and made of non-linear elastic—plastic
materials such as aluminium or stainless steel. After a
brief review of the conventional GBT procedure, atten-
tion is focused on the description and discussion of the
specific modifications that must be incorporated in order
to handle the non-linear material behaviour. Next,
attention is paid to the evaluation of the instantaneous
elastic moduli, according to the well-known J,-flow and
Jr-deformation small strain theories of plasticity, and
one also discusses the differences between them
(responsible for the “plate buckling paradox” men-
tioned earlier). Then, mostly for validation purposes
(there are exact analytical results available in the liter-
ature [27]), the developed GBT approach is applied to
simply supported rectangular plates under uniform
compression. Finally, numerical results concerning the
local and global buckling behaviour of C-section and
rectangular hollow section (RHS) simply supported
columns are presented and discussed. * The aluminium

2 It should be mentioned that, during the last year, some
work has also been reported on this subject (in English) [15-17].

3 The overwhelming majority of the publications on GBT
authored by Schardt and his co-workers (e.g., research reports,
conference papers or journal articles) are available only in
German.

4 In the latter case, linear elastic results are compared with
“exact” FEM values, as the authors are not aware of any
validation study concerning GBT buckling analyses of closed-
section members.
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and stainless steel uniaxial constitutive behaviour is
modelled using stress—strain laws of the Ramberg—Os-
good type and, due to the above “buckling paradox”,
both J,-flow and J,-deformation plasticity theories are
implemented [28].

2. GBT equations for non-linear elastic materials
2.1. Brief review of the conventional GBT

Performing a linear stability analysis by means of the
conventional (linear elastic and isotropic) GBT com-
prises two main tasks, namely: (i) a cross-section analysis
and (ii) a member analysis. Their main aspects are briefly
reviewed next, as applied to a thin-walled member with
an arbitrary open or closed cross-section (u(y), v(y), w(y)
are the cross-section mid-line displacements along the
local x, y, z axes—see Fig. 1):

(i) Cross-section analysis

(1) Open-sections [11,23,25]. The cross-section is di-
vided into wall segments, separated by natural
and intermediate nodes, and its deformed config-
uration is approximated by a linear combination
of displacement functions, which stem from the
sequential imposition of “unit warping (#) and
transverse (w) displacements’ at the natural and
intermediate nodes, respectively, > and are deter-
mined following a systematic procedure that
involves using Vlassov’s hypothesis (null mem-
brane shear strains) and solving a statically
indeterminate folded-plate problem. These dis-
placement functions are then used to calculate
the components of four fully populated GBT
stiffness and geometric matrices. Finally, a special
change of (function) coordinates, selected so that
two (out of three) stiffness matrices become diag-
onal, makes it possible to identify the GBT defor-
mation modes and to evaluate the cross-section
modal mechanical and geometrical properties.
The amplitudes of the various deformation
modes are the cross-section d.o.f.

(2) Unicellular closed-sections [11,13]. Besides all the
displacement functions used in open cross-section
analysis, which are determined in a similar fash-
ion, it is also necessary to consider an additional
one, which accounts for the classic Bredt’s tor-

5 The free end nodes are treated as natural and intermediate
nodes.

O.=—-P/IQ

Fig. 1. Thin-walled column: geometry and local axes.

sion (e.g., [29]). ¢ This displacement function cor-
responds to the cross-section deformation due to
a uniform shear flow, which means that wall
membrane shear strains are involved and, thus,
Vlassov’s assumption is not valid. It is obtained
by imposing transverse displacements v, which
are constant in each wall and must lead to a uni-
form shear flow. In general, transverse plate
bending occurs and the flexural displacements
are, once more, determined by solving a statically
indeterminate folded-plate problem.

(1) Member analysis (open and closed-sections) [12,24,
25]. Based on the cross-section modal mechanical
and geometrical properties and the member length
and end support conditions, one establishes a system
of GBT differential equilibrium equations (one per
deformation mode) and boundary conditions, which
is expressed in terms of “amplitude functions’ provid-
ing the longitudinal variation of the cross-section d.o.f.
This system defines a standard eigenvalue problem and
its solution, either analytical or numerical, yields the
member bifurcation stress resultants (eigenvalues)
and related buckling mode shapes (eigenfunctions).

2.2. Non-linear elastic materials

When dealing with non-linear elastic (hypoelastic)
materials, both the cross-section and member analyses
must be modified, mostly due to the need to determine the
instantaneous elastic moduli. However, the bifurcation
analysis simply consists of finding the fundamental

It is also possible to consider other “shear deformation
modes”, for which Vlassov’s assumption is not valid. However,
these modes are of no relevance for the problems dealt with in
this work.
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equilibrium states that have an “adjacent equilibrium
configuration”. Such configuration must be located in the
immediate vicinity of the fundamental (stressed) state and
also satisfy a neutral equilibrium condition, expressed by
means of the rate form of the principle of virtual work ’

W = 3W + 3 = 0, (1)

where W and 8 are the member external and internal
virtual work rates (note that, although the applications
addressed in this work concern only uniformly com-
pressed structural elements, Eq. (1) is quite general).
Since all column fundamental states exhibit uniform
applied stress distributions ¢,, = —P/Q (compressive
axial load P and cross-section area 2), the associated
external and internal virtual work rates read (see Fig. 1),

SWE:/anﬁitde:f/ fsu‘xdv,
14 ’ 14 Q

SVVI = — /(Jij + U,/)SgljdV (2)
14

P
=— ——5M + d,.-6é> dv,
f(goe

where the comma indicates differentiation, o;; are the
fundamental state stress components (o,, = —P/Q is the
only non-null one), 6, are the stress-rate components,
related to the strain-rate ones &; through the instanta-
neous elastic moduli, 8¢, are strain-rate component
variations and the membrane axial strain-rate variation
is given by

Séy = Bt + (07 + ) /2. (3)

After incorporating (2) and (3) into (1), one obtains,

v [ Poiar— [ (- Lo iosi
oW = /Vgﬁu,de /V< 958xx+6116811)dV

. S i)2 wZ

- /V g O ) ; <) g5, | v =0, )
a rate form of the principle of virtual work providing the
means to detect adjacent equilibrium states in hypo-
elastic columns.

Since the cross-section wall elements are subjected to
uniaxial stress at any fundamental equilibrium state, the
incremental stress—strain relations are of the form

. B . . B
axx El 1 EIZ 0 gxx
d'B _ ;- ; éB
w = |Ex Epn O W (o (5)
.B . .B
O—xy 0 0 Ess Sxy
M _ M
0. = Eré,

71In this work, “rate” and “increment” are equivalent
designations.

where E,,- are the instantaneous elastic moduli, Et is the
uniaxial (longitudinal) tangent modulus and the super-
scripts (B) and (M) identify bending and membrane
terms. Introducing the constitutive relations (5) into (4),
one is led to the GBT equilibrium equations and
boundary conditions (eigenvalue problem) [12,24]

Cl{¢ e} — DI} +B{d} + PXO{$ .} = {0},  (6)

(80,17 (Cl{¢..} +DD{})]s =0,
{80} (C{e e} + (D@ — DD 1 PXD){$ )| =0,
(7)

where the components of vector {¢} are functions
providing the deformation mode amplitude rates (which
combine to yield the buckling modes) and the GBT
matrices C, D, B and X® (geometric matrix associated
to uniform compression) are now given by

£,
Cij:C§)+C§):/tETuiujdy+/EEllWindy7
’ ’ S S

s

_pO_p2_p@_
Dy =D =D D = |

E33W;.ij,y dy
£
- / EElz(Wfo-,}D’ +wiyw;)dy,
S

A @ t
Bj= : EEZZWi,})ij,yydyv Xy = s ﬁ(vib‘j-FWiW,/')d%
(8)

with the integrations performed along the cross-section
mid-line S. Note that all the above matrix components
are load-dependent, through the instantaneous elastic
moduli. One can solve Egs. (6) and (7) either (i) for a
given buckling load, determining the associated column
length, or (ii) for a given column length, calculating the
corresponding buckling load. In the first case, the solu-
tion is rather straightforward, as the active moduli at
bifurcation are known a priori. In the second case,
however, the load-dependence of the instantaneous
moduli renders the solution considerably more difficult:
it involves an iterative procedure and requires solving
one eigenvalue problem per iteration.

For columns with pinned and free-to-warp end sec-
tions, combinations of deformation mode amplitude
rate functions of the form
di = dusin (71 ), 9)
provide the exact eigenvalue problem solutions. The ¢,
values are the problem unknowns (participation factors
of the various deformation modes in the column buck-
ling mode), m is the buckling mode longitudinal half-
wave number and L is the column length. If only a single
deformation mode (k) is considered, the buckling stress,
obtained from Egs. (6) and (9), is given by
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Ocrk =

xPg

mm\ 2 L\
Ckk(T) ~+ Dy +Bkk(%) ]7 (10)

This expression is quite interesting, as it clearly shows
that, as L increases, the relevance of Cy, and By, for the
value of o..; changes in opposite ways: decreases in the
first case and increases in the second [12].

3. Constitutive relations
3.1. Jr-flow and J,-deformation theories

In this work, the Eij values are determined according
to the rate form of isotropic small strain J, (von Mises)
plasticity. Moreover, due to the “plate plastic buckling
paradox” issue, both flow and deformation theories are
implemented [28]. If the initial stress state is uniaxial, the
Elj,- read, respectively for J,-flow [27] and J,-deformation
[30] plasticity theories,

. (At + 3)Ep

El] = 2
(5—4v)Ar — (1 = 2v)

. A

E22 = 4 TEO 2 (1 1)
(5—4v)Ar — (1 —2v)

= By = (4v + 241 — 2)E, N = 26

(5—4v)Ar — (1 —2v)
and
E . (AT + 3/15)E0
T2 34 — 4 Ar — (1—20)

. 4ATE0

E22 = 2
(24345 —4v) A1 — (1 —2v) (12)

. . (4V + 2/11' — Z)E(;

E12 = EZI = 2

(2 + 3/15 — 4\))/1'[ — (1 — 2\))
. 2E,
=0
BT 14347

where Ey, G and v are the initial uniaxial elastic modu-
lus, shear modulus and Poisson’s ratio and one has
At = Ey/Er and As = Ey/Es (Es is the uniaxial secant
modulus). Obviously, the values of both At and As
depend on the applied stress (load) level and are ob-
tained from a uniaxial stress—strain law that suitably
describes the material behaviour along the fundamental
path.

The use of the above rate constitutive relations makes
it necessary to modify the standard GBT procedure. In
fact, since the transverse displacements w of the column
wall elements are determined by means of the force
method, one must now use stiffness values K5, given by

— Ey, (13)

where ¢ is the wall thickness. Of course, if A = Ag =1
(linear elastic material), one gets the elastic plate bend-
ing stiffness Ky = £2Ey/12(1 —v?) (after using either
(11) or (12)).

It is a well-established fact that flow and deformation
plasticity theories exhibit major differences regarding the
evolution of the E,,- values along a uniaxial normal stress
loading path [7]. The active shear modulus G = Ej;/2
provides a classical illustration of these differences: while
one has always G = G according to flow theory, the use
of deformation theory leads to a vanishing G, as As
increases. Since the transverse stiffness Ky, plays a key
role in the GBT procedure, it is worth examining how
the ratio 1 = Ky, /K evolves according to both theo-
ries:

(1) Flow theory. n depends only on At and v. For in-
stance, if v = 0.3 one has 0.96 < n < 1, which means
that adopting K, ¢ instead of K5, leads to very small
errors (regardless of the At value).

(i) Deformation theory. n depends on Ar, As and v (At
and Ag are dependent) and extremely small values
can be attained (in sharp contrast with flow theory).

The curves shown in Fig. 2 provide a clear numerical
illustration of the above n value differences. They con-
cern a material behaviour characterised by a uniaxial
stress—strain law of the Ramberg-Osgood type (see Eq.
(14)) and the following parameter values: £, = 70 GPa,
092 = 200 MPa, v =0.33 and n = 5.

3.2. Uniaxial stress—strain law

As mentioned earlier, At and Ag are obtained from a
suitable uniaxial stress—strain law. Up until a few years
ago, the well-known Ramberg—-Osgood expression [31]

a:1+0.ooz(i> : (14)
Ey

G0.2

1 0—0—0—6\6;\_41\ r ° ° °

0.8
0.6

T]().4 \\

—-o—Flow theory \O\,\

T

0 T T T T 1
0 50 100 15 200 250 300 350 400
o, (MPa)

0.2 T

—-O—Deformation theory

Fig. 2. Variation of 5 with ¢,, (longitudinal stress level).
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where ¢, is the 0.2% proof stress and # is the strain-
hardening parameter, has been employed in virtually all
the research work concerning aluminium or stainless
steel structures. However, recent works by Hopperstad
(see, e.g., [32]), for aluminium, and by Mirambell and
Real [33] and Rasmussen [34], for stainless steel, have
proposed alternative expressions, which are slightly
more complicated but provide a much better fit of the
experimental results throughout the whole stress range.

Although the vast majority of the numerical results
presented in this work are based on uniaxial stress—
strain laws of the Ramberg—Osgood type, the expression

%02 if Gg{)’ovz,

E:ELO+0.002<L>" s

m
— 9=002 0-002 i
&=, + &y ( Uu*”uz) + e 1if 0> 09,

where
Ey 002
Eppe 0 202 0002,
2 =T 10.00mE Jo0” 2T R, ’
ba=1-22 " —1435%2
O-u O-Ll
g9.2

=02+ 185% (austenitic and duplex alloys),
0

u

o2 0.2+ 18500,/Ey
F02 _ DL 0002]20 g
o T 1-00375(n—5) (llalloys),

(16)

proposed by Rasmussen [34], was also used to obtain
RHS column results. This makes it possible to assess
how the modelling of the uniaxial stress—strain curve
affects the column local and global buckling behaviour.

4. Validation and illustrative examples
4.1. Rectangular plates

The buckling behaviour of simply supported rectan-
gular aluminium plates, subjected to uniaxial uniform
compression, was investigated by Handelman and Pra-
ger [27], who derived the analytical solution
2 [ 2

——Ki1 + 2Ky + K|, (17)

O =
th? | a? b2m?

£, £,
Kll = _E117 K22 :_E227
12 12
; (18)

t . .
K, = 7 (Ev2 + E33),
where ¢, @ and b are the plate thickness, length and width
and m is the buckling mode longitudinal half-wave
number. It is interesting to note that the GBT solution
given by Eq. (10), calculated for a deformation mode

cer (MPa)

Linear elastic — Theory

190 Flow theory o GBT

Deformation theory

Fig. 3. Rectangular plate critical buckling stresses.

coinciding with the exact buckling mode (u =v =0,
w = sin(ny/b)), is identical to Eq. (17).

Fig. 3 illustrates the critical stresses obtained by
means of Eq. (17) and the proposed GBT formulation,
for both J,-flow and J,-deformation plasticity theories.
Also shown, for comparison purposes, are linear elastic
values. These results concern plates with geometrical
and material characteristics given by: r=2.5 mm,
b =100 mm, £, =70 GPa, g5, =200 MPa, v=0.33
and n = 5 (low value, which corresponds to a markedly
non-linear behaviour).

Only three equally spaced intermediate nodes were
considered and, since the plate is simply supported along
the four edges, the relevant GBT deformation modes
exhibit only transverse displacements w, which satisfy
the end conditions w(0) = w(b) = 0 (see Fig. 4). Note
that, in this case, Eq. (6) are uncoupled and the critical
buckling mode always coincides with deformation mode
L.

These results prompt the following remarks:

(1) Because the elastic—plastic plates bifurcate in the
non-linear range (although o < g¢5), there exists
a considerable critical stress gap with respect to
the linear elastic plates. Naturally, the largest differ-
ences occur for very short plates (a/b < 1).

(i1) The results confirm that deformation theory leads
to critical stress values lower than those obtained
with flow theory [6].

(iii) GBT provides virtually exact results with only three
intermediate nodes. Moreover, the computational
effort involved is significantly smaller than the one
required by similar FE or FS analyses.

Mode 1 Mode 2 Mode 3

Fig. 4. GBT deformation modes for the rectangular plate.
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4.2. C-section columns

Consider now the buckling behaviour of thin-walled
C-section (lipped channel) columns with pinned and
free-to-warp end sections and the cross-section dimen-
sions given in Fig. 5. The material properties, corre-
sponding to an aluminium alloy, are E, =70 GPa,
00, = 200 MPa, v = 0.33 and n = 5 (the same as in the
previous example).

The cross-section has six natural nodes and seven
additional auxiliary nodes were considered, namely
three web intermediate nodes, one intermediate node per
flange and one end node per lip. Then, the application of
GBT leads to 13 orthogonal deformation modes: (i) the
four rigid-body modes (extension (D, major @ and minor
® axis bending and torsion @), (ii) two distortional
modes (®, ®) and (iii) seven local-plate modes. The first
eight modes are the most relevant and their shapes are
depicted in Fig. 6.

The buckling results obtained are shown in Figs. 7
(linear elastic behaviour), 8 (J,-flow theory) and 9 (J>-
deformation theory). In each case, the curves plot bifur-
cation stresses ay, associated with single half-wave mode

. 1.3 10

100

t=2.5

-
60

Fig. 5. C-section geometry.

(mm)

Fig. 6. C-section first eight deformation modes.

1479

o, (MPa)

300

250+

2004

150+

1004

504

\®

All modes

100% ®

10 100 1000

751
501
257

10 ® 100 1000

Fig. 7. C-section column linear elastic results.

200+

1507

100~

el
All modes

10 ® 100 1000

Fig. 8. C-section column elastic—plastic results (J>-flow).
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3 10 ® 100 1000

Fig. 9. C-section column elastic—plastic results (J,-deforma-
tion).

buckling (i) in individual GBT deformation modes (thin
lines) and (ii)) accounting for all GBT deformation
modes (thick line). The lower diagrams supply the par-
ticipation factors of each GBT deformation mode in the
column buckling mode, thus providing an easy assess-
ment of their relative importance. These diagrams con-
stitute a unique GBT feature and provide a great help to
visualise and characterise the column buckling mode
shapes.

After observing the results presented in Figs. 7-9, the
following conclusions can be drawn:

(1) Theresultsin Fig. 7 fully agree with those reported in
the literature for cold-formed carbon steel columns
[12,35]. According to their length value, the col-
umns buckle in web-triggered local-plate modes @
(very short columns), symmetric distortional modes
® (short columns), mixed distortional-flexural—
torsional modes @+@+® (intermediate columns),
flexural-torsional modes @+@® (long columns) or
weak-axis flexural modes 3 (very long columns).

(ii) The elastic—plastic bifurcation stresses (Figs. 8 and
9) are obviously lower than the elastic ones, except
for very long columns, which buckle when
At =~ As =~ 1. Smoother transitions between local-
plate and distortional or distortional and global

buckling modes can be observed. As for the plates,
deformation theory predicts significantly lower lo-
cal bifurcation stresses than flow theory.

(iii) Qualitatively, the flow theory individual distor-
tional mode (®, ®) curves combine the deformation
theory low negative slopes (left branches) with the
linear elastic high positive slopes (right branches).
Eq. (10) provides a clear explanation for this fact:
while the descending (left) branches are governed
by C (C;f =~ 0 for distortional modes), which is
identical for flow and deformation theories (it de-
pends on Et), the ascending (right) ones are con-
trolled by By, which is very similar for the flow
theory and linear elastic material models (it depends
on Kzz).

(iv) The left branch of the flow theory individual local-
plate mode @ curve exhibits high slopes. Once
more, Eq. (10) explains this behaviour: the control-
ling parameter is now C° (Cy’ = 0 for local-plate
modes), which varies much less than Et (it depends
on K 11).

(v) The individual flexural (@, ®) and torsional (®)
mode curves in Figs. 8 and 9 reproduce the results
obtained with analytical tangent modulus formulae.
Of course, for the torsional mode one must use
G= E33/2 (deformation theory) and G = G (flow
theory).

Fig. 10 shows stress curves accounting for all GBT
deformation modes and providing (i) single half-wave
bifurcation stresses o, (m = 1—dotted lines, identical to
the thick curves of Figs. 7-9) and (ii) critical stresses o,
corresponding to minimum values with respect to the
half-wave number m (““all m”—solid lines). These results

Gbp, Ocr (MPa)
300
\ m

250 Linear elastic

2001
150+
100+
504 Deﬁ)lrer(r)llja;ion
3 10 100

L (cm) 1000

Fig. 10. C-section column critical stresses.
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show that critical modes with m > 1 occur only for
column lengths associated with transitions between (i)
local-plate and distortional modes (linear elastic
behaviour) and (ii) distortional and flexural-torsional
modes (all behaviours).

4.3. RHS columns

Finally, one addresses the buckling behaviour of
RHS columns with pinned and free-to-warp end sections
and the cross-section dimensions shown in Fig. 11. The
material data concerns now a stainless steel alloy and
reads Ey = 200 GPa, v = 0.3, 69, = 300 MPa and n = 5.

The cross-section discretisation involves 4 natural
and 10 intermediate nodes (3 per web and 2 per flange),
leading to 15 deformation modes: extension (D, minor @
and major (3 axis bending, torsion @), distortion ® and
10 local-plate modes. Fig. 12 displays the shapes of the
first 10 of these deformation modes.

The results are shown in Figs. 13 (linear elastic), 14
(J>-flow theory) and 15 (J,-deformation theory). As for
the C-section columns, the curves provide bifurcation
stresses associated with m = 1 and buckling in individ-
ual modes (thin lines) or accounting for all modes
(thick lines). Once again, the mode participation factor
diagrams are shown below. Lastly, Fig. 16 supplies

100 =2

| 60 (mm)

Fig. 11. RHS geometry.

0) @ @fozi]

©® @ ®

Fig. 12. First 10 RHS deformation modes.
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Fig. 13. RHS column linear elastic results.
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Fig. 14. RHS column elastic—plastic results (J>-flow).
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Fig. 15. RHS elastic—plastic column results (J,-deformation).
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Fig. 16. RHS column critical stresses.

bifurcation (m = 1—dotted lines) and critical (“all m”—
solid lines) stress values that take into account all GBT
deformation modes. In order to check the validity of the
GBT formulation for closed-section members, Fig. 16

includes also linear elastic critical stress values obtained
with the FEM (identified by circles), using the code
ABAQUS [36]. Four node shell (S4) finite elements were
used to discretise the columns.

The interpretation of Figs. 13-16 leads to the fol-
lowing comments:

(1) Since the linear elastic GBT and FEM critical stress
values virtually coincide (errors below 1%), it seems
fair to infer the validity of the developed GBT for-
mulation for tubular thin-walled members [37].

(i1) Given the high torsional stiffness of closed sections
(particularly in comparison with open sections), the
torsional @ and distortional & modes never partic-
ipate in the column buckling mode. This means that
their removal from the GBT system (Egs. (6) and
(7)) does not affect the accuracy of the results, while
leading to computational savings. One notes that
the column buckling modes involve only flexural
and local-plate modes. Indeed, Figs. 13-15
(m = 1) show that, depending on their length, the
columns buckle in web-triggered symmetric local-
plate modes ® (short to intermediate columns),
mixed anti-symmetric local-plate and flexural
modes (®+®) (intermediate columns) or weak-axis
flexural modes @ (long columns).

(iii) As in the case of the C-section columns, one notices
that the elastic—plastic gy, values lie below the elastic
ones (except for long columns —Ar =~ Ag ~ 1), Jp-
deformation theory leads to lower o, values, the
individual flexural mode (®, ®) curves duplicate
the results yielded by tangent modulus formulae
and the transition between local-plate and global
critical modes occurs for smaller o}, values in either
of the elastic—plastic cases.

(iv) It is interesting to notice the presence of a much lar-
ger number of individual mode curves in Figs. 9 and
15 (J,-deformation) than in Figs. 8 and 14 (J,-flow).
This is due to the very pronounced E,-j value erosion
associated with J,-deformation theory, which signif-
icantly lowers several higher-order local-plate
curves, thus making them visible in the figures.

(v) Qualitatively, the main difference between the “all
m” curves shown in Figs. 10 (C-section) and 16
(RHS) concerns the intermediate length range: the
C-section columns buckle in two or three half-wave
distortional modes, whereas the RHS ones buckle in
local-plate modes with a fairly large number of half-
waves.

4.3.1. Effect of the uniaxial stress—strain law

In order to assess the influence of the uniaxial stress—
strain modelling on the column local and global buck-
ling behaviour, Fig. 17 shows a comparison between the
thick line curves given in Figs. 14 and 15 (single half-
wave buckling—all modes) and similar bifurcation stress
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Fig. 17. Effect of uniaxial stress—strain law on the RHS column
buckling behaviour (J,-flow and J,-deformation).

curves, based on the stress—strain law recently proposed
by Rasmussen [34] (Eq. (15)), combined with the “all
alloys” g, expression given in Eq. (16).

Recalling that the two stress—strain laws differ only
for ¢ > g9, =300 MPa (in this particular case), one
observes that the use of Rasmussen’s law only alters
(lowers) the single half-wave buckling stresses of columns
with intermediate lengths. Moreover, since the minimum
local-plate buckling stresses remain virtually unchanged
(for both plasticity theories), it possible to guarantee that
the “all m” curves displayed in Fig. 16 would not be af-
fected by the uniaxial stress—strain law change.

5. Conclusions

A non-linear elastic generalised beam theory was
formulated, validated and used to investigate the local
and global buckling behaviour of open and closed thin-
walled columns made of non-linear elastic—plastic
materials, such as aluminium and stainless steel alloys.

Following a very brief review of the conventional
GBT procedure, the modifications required to handle
the non-linear material behaviour were described and
discussed in detail. Special attention was devoted to the
implications of using the active elastic moduli predicted
by deformation and flow plasticity theories. In order to
obtain the numerical results presented in the paper, both
the well-known J,-deformation and J,-flow small strain
plasticity theories were implemented. The material uni-
axial constitutive relation was modelled by means of
Ramberg-Osgood laws (almost always) and also a

compound stress—strain law recently proposed by Ras-
mussen.

For validation purposes, the proposed GBT formu-
lation was used to determine the buckling behaviour of
simply supported uniformly compressed rectangular
plates. The comparison with exact analytical values
available showed that GBT provides extremely accurate
results with a rather small computational effort.

Finally, in order to illustrate the application and
capabilities of the GBT approach, the numerical results
of an investigation on the local and global buckling
behaviour of C-section (aluminium) and RHS (stainless
steel) simply supported columns were presented and
discussed. Among the conclusions drawn from this
study, the following deserve to be emphasised:

(1) The proposed non-linear GBT constitutes an effi-
cient tool to investigate the local and global buck-
ling behaviour of aluminium and stainless steel
columns. When compared with FE or FS analyses,
it provides equally accurate and much more com-
prehensive results, while involving a considerably
smaller computational effort.

(i1) As expected, in view of the well-known ‘‘plate plas-
tic buckling paradox”, both the distortional (C-sec-
tion) and, mostly, the local-plate (C-section and
RHS) column buckling stresses obtained using the
Jr-deformation and J,-flow plasticity theories differ
considerably. If one wants to reach safe and eco-
nomic design rules, it is essential to shed new light
on this matter. This will certainly require a compar-
ison between numerical and (carefully obtained)
experimental results.

(iii) For stainless steel RHS columns, the effect of the
uniaxial stress-strain modelling was assessed
through the comparison of buckling stresses ob-
tained using a classic Ramberg-Osgood law and
Rasmussen’s compound law. Although the differ-
ences were not too relevant for the particular
cross-section geometry and material properties dealt
with here, it became clear that this would not always
be the case. This issue requires further study (both
for stainless steel and aluminium columns).

Finally, just two words to mention that the authors
are currently working on an extension of this GBT ap-
proach, aimed at assessing the buckling behaviour of
members acted by arbitrary applied stress distributions.
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