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Abstract

Generalized beam theory—GBT—is among the most adequate tools for the analysis of
thin-walled prismatic elements. It enables the analysis of the distortion of the element cross-
section and local buckling of individual walls in a unified manner that incorporates the
results from classical bending theory. The basis of this theory was developed in the 1960s by
Schardt for first and second order elastic behaviour of thin-walled members.

Open and closed thin-walled members present the distinctive difference of the unknown
shear flow that characterizes the latter. More specifically, shear strains must follow an elas-
ticity law, as opposed to the simplifying assumptions for open cross-sections.

It is the purpose of the present paper to present a unified energy formulation for the non-
linear analysis of both open and closed sections in the framework of GBT, able to deal with
all modal interaction phenomena between local plate behaviour, distortional behaviour and
the more classical global (flexural, torsional and flexural-torsional) response. Finally, an
application to the stability analysis of a compressed thin-walled column is presented and
discussed.
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Nomenclature

‘a generalized coordinate (degree of freedom) i

A total potential energy

b plate width

B transverse bending stiffness matrix

C warping stiffness matrix

D torsion stiffness matrix

E Young modulus

F force in the cross-section plane

f displacement normal to the cross-section perimeter

1 displacement normal to the cross-section perimeter of the plate’s
initial node

fe displacement normal to the cross-section perimeter of the plate’s end
node

fs displacement along the cross-section perimeter

5 displacement normal to the cross-section perimeter of plate’s midpoint

fa rotation in the cross-section plane of the plate’s chord

G shear modulus

TH (i, j) term of the Hessian matrix for the total potential energy

Hy Hessian matrix for the total potential energy evaluated along the fun-
damental path

L length of a member

M bending moment

nuyp  nhumber of modes of deformation

P axial force

q distributed load

‘q sliding coordinate i

t plate thickness

u(s) longitudinal (warping) displacement

U; internal strain energy

v displacement in Oy direction

V(x)  amplitude modal function

V vector containing the amplitude modal functions for all modes of

deformation

displacement in Oz direction

total potential energy in the W-formulation
normal extension

shear distortion

non-linear stiffness term

Poisson coefficient

potential of the external loading

normal stress
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T shear stress

() denotes differentiation along the perimeter coordinate s

() denotes differentiation along the longitudinal coordinate x

U@ (i, j) term of a matrix

) denotes mode of deformation i

()o indicates non-linear term related to the normal longitudinal
membrane stresses

( )su indicates non-linear term related to shear membrane stresses

1. Introduction
1.1. Generalities

In recent years, the use of very slender thin-walled cross-section members has
become increasingly common, due to its high stiffness/weight ratio. Extensive
application of these members is found, in practice, in cold-formed members for
lightweight structures [1,2] or in box girder bridges [3]. The high slenderness that
characterizes these members implies a great susceptibility to various instability
phenomena [4]. In fact, in addition to the usual global instability phenomena (flex-
ural, torsional or flexural-torsional buckling or lateral torsional buckling), related
to the deformation of the member axis combined exclusively with rigid-body
displacement of the cross-sections, distortional and local plate instability phenom-
ena are now a potential problem.

Thin-walled closed cross-section members present the distinctive feature of a
higher torsional stiffness when compared to their open cross-section counterparts.
This increase in torsional stiffness is associated with a constant shear flow around
the cross-section that does not exist in open sections subjected to torsion. To deal
with this additional complexity, the theory of thin-walled closed section members,
as developed by von Karmdn and Christensen [5], relaxes the well-known Vlasov’s
[6] assumption of negligible membrane shear distortion. Classically [5], the usual
strategy to determine this statically indeterminate shear flow is to consider the
existence of two shear flows: the main shear flow obtained through a constitutive
relation, and a secondary shear flow obtained by equilibrium, considering the vari-
ation along the length of the membrane longitudinal normal stresses, which is,
usually, much smaller than the first one and will be neglected in setting up the
global member equilibrium.

Generalized beam theory—GBT—is a whole theory devoted to the analysis of
thin-walled prismatic members, developed since the 1960s by Schardt and his
co-workers [4,7-11] at the Technical University of Darmstadt, in Germany, and
has been widely applied to study the behaviour of cold formed members [1,12,13].
It can be regarded as a fusion between the classical Vlasov’s theory for thin-walled
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members [6] and the folded plate theory [14-16], and is an alternative to the
classical finite strip [3] and finite element methods. It enables the analysis of thin-
walled prismatic members with the allowance of cross-section distortion and local
plate behaviour, in a one-dimensional formulation through the linear combination
of pre-established deformation patterns—the modes of deformation. Regarding the
application of GBT for closed cross-sections, it is noted that an additional basic
mode of deformation must be added to take into account the main shear flow
around the cross-section, as well as its corresponding shear distortion, full details
being given in [11].

It is the purpose of this paper to present a unified energy formulation for (open
and closed) thin-walled sections that is able to deal with geometrical non-linear
analysis, covering, in particular, bifurcational and post-bifurcational behaviour.
More specifically, the following aspects are addressed in detail: (i) derivation of a
common consistent energy formulation for open and closed cross-sections, (ii)
highlight the differences between these two cross-sectional types and (iii) illus-
tration of its application to the stability behaviour of open and closed section
columns.

1.2. The basic concepts of generalized beam theory

The key concepts behind GBT consist of (i) the characterization of the behav-
iour of the prismatic members (evaluation of displacements and stresses) through a
linear combination of predefined modes of deformation and (ii) algebraic diag-
onalization using an orthogonalization procedure of the modes of deformation to
obtain the cross-sectional properties.

To illustrate the first aspect, the longitudinal displacements (warping functions)
and the cross-section displacements normal to the walls are given by, respectively,

u(rs) = 3 Fu(s) <V (x) (1)
k=1

£ =3 () 4V () 2)
k=1

where “u(s) and ¥f(s) denote the warping function and the cross-section displace-
ments normal to the walls for mode of deformation k, respectively, and ¥V (x) is
the corresponding amplitude, nyp being the total number of modes of deformatio-
n. The remaining displacements, usually specified at the cross-sectional nodes, are
described with similar expressions and related using kinematic compatibility rela-
tions, full details being found in [9].

To illustrate the second aspect, it is useful to recall Vlasov’s theory for thin-wal-
led prismatic members [6], where off-diagonal terms of the member equilibrium
equations matrices become zero whenever the cross-section geometric properties
are determined with reference to the cross-section principal coordinates. Since GBT
is a generalization of Vlasov’s theory, it is expectable that a similar phenomenon
occurs. Starting with a set of nyp linear equilibrium equations in each of the nyp
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basic modes of deformation shown in Egs. (1) and (2), generically represented by
(terms related to the external loads not represented)

CV'"' —DV" + BV =0, (3)

where C, D and B represent the appropriate stiffness matrices [11], Schardt orig-
inally proposed an algebraic procedure to diagonalize matrices C, D and B by
establishing a set of three consecutive eigenvalue and eigenvector problems. In gen-
eral, it is impossible to set into diagonal form all the three matrices but in certain
cases, some off-diagonal terms may be neglected [11]. Also, diagonalizing two
matrices of the equilibrium system will make the subsequent calculus much easier
and gives physical meaning to the generalized geometric properties. After these three
steps, all geometrical properties are obtained, making no resource of determining
the centre of gravity, the principal axes and the shear centre of the cross-section.
This gives elegance to the GBT procedure and also a mathematical meaning to the
calculus of the geometrical properties through the cross-section principal coordinates
in the classical theory.

2. Energy formulation
2.1. Introduction and basic assumptions

Consider a continuous, non-branched, thin-walled cross-section consisting of npp
main walls of longitudinally constant thickness ¢, , and width b, ,, rigidly connected
at their end nodes, typically shown in Fig. 1. It is further assumed that two con-
secutive main walls make a non-zero continuity angle Aa;, so that the number of
principal nodes is nyp = npp + 1 for an open section, and nyp = npp for a closed
one. Following Schardt [11], and with reference to Fig. 1, two coordinate systems
are defined: (i) a local coordinate system s, s, x for each wall » and (ii) a global
coordinate system, x y z with its origin on node 1. Displacements associated with
global and local axes are defined in Table 1 and Fig. 2.

Fig. 1. Generic thin-walled cross-section.
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Table 1
Definition of the relevant displacements
Axes Displace- Displacement Displacement of Displacement of wall
t f node r idpoint of wall r
men ot noder fdpomt of watty Initial node  End node
Global x u u,
axes v v v,
z w w,
Local s fs Ssr
axes 5 S S Jor Ser
Rotation in Jor

O s 5 plane

Membrane and bending strains are denoted by

&y = sy + sf (4a)
s = el + &8 (4b)
y =" +9%, (4c)

while stresses and stress resultants are defined in Fig. 3.

In the framework of GBT, and in addition to the usual assumptions of elastic
behaviour and small displacement plate bending behaviour of the cross-sectional
walls, the following specific assumptions are considered [11]:

(1) negligible membrane transverse strain;
(i1) negligible membrane shear distortion, only for open cross-sections.

Fig. 2. Cross-section displacements in local coordinates.
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X

Fig. 3. Definition of stresses and bending stress resultants.

2.2. Strain—displacement relations

Using (') and ()’ to denote differentiation with respect to s and x, respectively,
the bending strain—displacement relations follow the usual linear formulation and
are given by

2 MD
8 = —S% => = (5a)
k=1
762 MD e
af:—sa—;;:Z—slka (5b)
k=1
82f nMD .
B _ 95 — _ kgl
Vo = 2S8s8x ; 2555V (5¢)

For a stability analysis, it is necessary to include the relevant non-linear terms
in the membrane strain—displacement relations. From Fig. 4, the longitudinal

Fig. 4. Membrane displacements of the thin plate ds x dx.
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membrane strain is given, in general, by:

A,B, — A1 B, ouN> [(9r\* [0f:\*
M _ _ s i LN
T AB \/<1+8x) +<8x ox g (6)

Expanding Eq. (6) in Taylor series and neglecting higher-order terms yields:
2 2
w10\ (o
Yooo0x 2\ 0x 2 \ Ox

— nzM[i{kukV”—F;nZM]i[(kfslfy—kalf)kV/lV/]}. (7)
k=1 =1

Analogously, for closed cross-section members only, from the definition of mem-
brane shear distortion,

T = <A(B141C1) — <(BrA2C), (8)
given that
s
<(B14:Cy) = Erad, 9)

and noting that by definition of scalar product of two vectors, A>B; and A4,C,, the
angle <](B,A4,C,;) may be determined as a function of the displacements of 4, B
and C, the membrane shear distortion is given by:

Ou’\ Ou ofs\ ofs  of of
L <1+a>a+<”a)a+$a
Vgx = —arccos T o o T o .
ou 5 u s
¢ (1+50) (o) () V () (%) ()
(10)
Expanding in Taylor series and neglecting higher-order terms leads to:
ou Ofy Of of Ou ou JOfs Ofs
oM _ 27 s T T s TS
' =55 Tox Tox 05 Tox 05 T ox Os (1)

Finally, introducing the assumption of a negligible 1st order transverse mem-
brane strain,

%,

~ 12
s >0 (12)
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the membrane shear distortion of Eq. (11) is obtained:

Ou Ofy,  Of Of  Oudu - AMD IMD
" : ki 4 ke kgl 7k 1110
oM 9" _ ey
Vx 8s+6x+8x 8s+8x8s ;(u+f) +;;ffVV
IMD "MD
_’_szulak V/l] V/. (13)
k=1 I=1

2.3. Constitutive relations

The stress—strain relations are split into bending effects,

E MD
Gf:l—,u2 (eer,uef): 2Xz—s’f’V”Jr,u’f V) (14a)
E MD
o e (e + pel) = 2Z—s CfV + Wfiv"y (14b)
nMD
& =Gf = —ZGZS’f’ V. (14c)

and membrane effects (Eq. (15b) holds only for closed cross-section members):

o = Ee)f EZ{’ v+ 22 L+ ) V”V’]} (15a)

nMD IMD 'MD IMD "MD
o =Gl = Z i+ )V +Zzlfff’V’JV+ZZ Wi viy'|.
i=1 j= i=1 j=
(15b)
2.4. Strain energy
From the classical definition of strain energy,
L U oy 1 1 1 1
U = ., 5 0x & —|—2 Wyw —|—2O'Y6X +20 e? —|—§‘cwyw dA dx, (16)

the bending terms are obtained by introducing Egs. (5) and (14) into Eq. (16),
yielding:

NMD MD 1 nMD NMD
U — ZEJ ik OB i ik g dx+zz J DV Y dx
IZIIA’TMID”MD llflleD '71MD L
+ 5 ZJ lkD Vk V// dx + ZZJ lkD lV/lk V dx
i=1 k=1 1 k=1
1 éMD”MD L =
+3 J kB yky dx, (17)
i=1 k=170
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where
ik ~B EP 4
3 . .
D, :J GTtifkf ds (18b)
. Ef
D, — J W_uﬂ)lfkf ds (18¢)
) EB o
KDy — J W_"M)ykf ds (18d)
) EP ...
”‘B:J 01 T ds (18¢)

Analogously, the membrane contribution, which includes all non-linear terms, is
obtained by introducing Egs. (7), (13) and (15) into Eq. (16), giving:

nMD nMD nMD ”MD
UM ZZ J szMz V//k V”dx'i_zz J sz V/k V'dx
" lnl:/lD IMD "MD e nMD IMD MD
4 ZZZJ i V//k V/l V' dx 4 ZZZJ Ko3 i V/j V/k V" dx
1 k=1 1=1 1 1 k=1
:IMD IMD "'MD ""MD - nMD IMD ""MD
4 ZZZZJ z]kl i V/] V/k V/l V' dx 4= ZZZJ K S V/k V/l vV dx
i=1 k i
”MD ’]7M[1) nM[l) o nMD nMD nleD o
9 | Wy ase g 5993 | Hwsustviverax
i=1 k=1 1I=1 i=1 j=1 k=1

1 1MD "MD "MD MD B . .
FoY NI Faesus' VIVEVY dix
2 i=1 j=1k=11=1"1L
”MD nMD MD MD
4— ZZZZ ;’/’leSH6i V/j Vk V//l V' dx
i=1 j=1k=11=1YL
nMD NMD MD MD
o ZZZZ e VIVEVTY dx
i=1 j=1k=11=1"1L
”MD nMD MD PMD
+5 ZZZZ s VIVEV"V dx
i=1 j=1k=11=1"1L

1 nMD “MD "MD IMD B X X
+_ZZZZ g/leSH9z %) V/k V//l 1% dx, (19)
2 i=1 j=1k=11=1"1L
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where the following coefficients relate to the longitudinal membrane stress

kcM — | Efv*uds (1storder term)

N

Ky n = Eliu(kfslﬁ- —&—kflf)ds

oy = | ECu(ff+17f)ds

= [ BRI (4 41'1) s

(20a)
(20b)
(20c)

(20d)

while the following arise uniquely for closed sections from the membrane shear

flow contribution:
D5 :J G-t-(u+'fy) - ("u+"£)ds (1st order term)
s
Micstn = l G-t~(iit+7x)'lf'kfd3
Kean=1| G-t (u+’ﬁ) i-Fu ds

Fisa=| G0 If - (it ) ds

G-t-fIffKrds

Kl e opre = JG Af ’f i-Fuds
JG~t-iu~jit'(kit+kfy)ds
Gkl o = JG tludu f K fds

yklksygzj G-t-'uti-"i-Fuds.
S

2.5. Energy potential of external loading

The potential of the external loading is given, in general, by

nMD INT MD IINT
JL;Z{q}’ V, +qu W;}kV dx"!‘J ZIZ{ er

nMD

(21a)
(21b)
(21c)
(21d)
(2le)

(21f)

ur}k 7’ dx

k 2402 3
+Px 'V +Z (weFy + 5w ) V| MV MY (22)
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where ¢, (x), ¢.,(x) and g, .(x) denote general longitudinally distributed loads
applied at node r in the y, z and x directions, respectively, P denotes an axial force
applied at x = x;, F is a concentrated force in the cross-section plane applied at
X = x and with vertical and horizontal components F, and F.. 2M and *M denote
the components of an applied bending moment at x = x3 with respect to the princi-
pal cross-section axes.

2.6. Total potential energy function

Combining Egs. (17), (19) and (22) yields the total potential energy function:

IMD IMD | ) )
A= ZZ J lch+lkcB)1Vl/kV// dx
i=1 k=
MD 'MD 1 L 1 nmp "mp L
+ZZEJ (IAD +lkD ) VI/CVId _'_222[ lkD V/\ Vl/ dx
i=1 k=170 i=1 k=170
1nMDnMD ik iy/k 1”MDHMD ik pi 77k
+EZZJO Dor' V"V dx+= ZZJO BV*V dx
i=1 k=1 i=1 k=1
1 MDD IMD AIMD IIMD MDD o
4= ZZZJ ZV//kV/lV/ dx+4ZZZJ ‘3lV/jV/kV// dox
i=1 k=1 I=1 i=1 j=1 k=1

1 nMD MD "IMD ""MD l IMD "MD "MD .
+§ZZZZJ A +2222J hesin VA V!V dox
i=1 j=1k=1/=1"L i=1 k=1 1=17L

1 MD MD IMD nMDﬂML) nMD

+*ZZZJ KSH3 Vlk V//]V/ dx +—= ZZZJ ijk KSH4iV/j Vk Vl dx

R i=1 j=1 k=1
1 nMD "MD 7IMD 7IMD . i i
+§ZZZZJ Hicsus VIVEVY dx
i=1 j=1 k=1/=17L
1 NMD MD “MD IMD . . .
+§ZZZZJ A T
i=1 j=1k=1[=1"1L
”MD nMD MD nMD IMD NMD 7"MD
4 ZZZJ KSH71 pri V/k V' dx+= ZZZZJ 1/A/ iV//j V/k V/I V' dx

i=1 j=1 k=1 i=1 j=1 k=1 I=1

4= %%%Wij ljk] iV//jV/k V//l 1% d
'H9 X

i=1 j=1 k=1 I=1

AMD ANT
J ZZ{% () v, + g (%) 5w, YV dx
Li=1r=
NMD INT
_J ZZ{_CI’”(X)kur}kV/ dx—Px! V’| —x
Li=1r=1 ' -
nMD

- Z(kaEv +k‘v7Fz)k V|x:,\'2_2M2 V|x:,\‘3 _3M3 V| (23)

x=x3"
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3. Application of the Rayleigh—Ritz method to compressed columns
3.1. Introduction

In order to apply the general formulation derived above, the Rayleigh—Ritz
method [17] will be used by approximating the modal amplitude functions “¥(x) by
a set of coordinate functions “¥(x), as shown in Eq. (24):

kY (x) & %a* Vi (x) + Kk Vo (x) + Fask Vs (x) + . .., (24)

where the coordinate functions “¥V(x) must respect the kinematic boundary con-
ditions and the coordinates “a; are the unknowns of the problem. Concentrating, in
this paper, on an application to an open or closed simply supported compressed
column with flexible end plates, a suitable and usual approximation consists of
sinusoidal amplitude functions given by:

x2\/3
mode 1. 'V(x) ~ a5y (25a)
.. i k . X
remaining modes: “V(x) = "a sin— for k=2,...,nup, (25b)

'a and “a being the unknown degrees of freedom. It is noted that the approxi-

mation function for the first mode of deformation is not sinusoidal in order to
allow for constant axial force along the length of the member. Note that other
boundary conditions or different loading cases follow identical procedures, given
an adequate choice of amplitude functions. For this particular case of a com-
pressed column, the potential of the external loads is simply given by

N=rx"'V| (26)

x=L’

so that substitution of Eq. (25) into the total potential energy function (23) and
integration along the length yields:

IMD IMD 'MD IMD "MD
A=A)'a+An'd +ZAH +ZZA,, a/aJrZZ Allj a a’a+A11U1 2’a’a)
i=2 i=2 j=2 i#] i=2 j=2
IMD "MD "MD o o AMD 1'MD /'MD ""MD o
I DI (Ap'dda+ Ay ddda)+Y NN N Ay iddda (27)
i=2 j=2 k=2 i=2 j=2 k=2 1=2
where
25
Al — _Pm (283)
10
Ay =—'C (28b)

4
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- 2 2

L
A= CM CB B llD uD _ - llD llD 28
ii = 4L3( + ) 4 +4L( + 3) 4L( b+ 2T> ( C)
n? (¥ D) — n? L D) (284)
A= D1 +7Ds Dy +7Dyor 28d
s 4L 4L
1122 5 lii 1 1'[:2 5 i 1
Arj= e (ko2 +"ig3) — YalE (Mcsmz +Viesar) (28¢)
Air — i ijk ijk . T ik ijk
ijk—_m( Kq2 + )+3—L( Ksa2 + " Ksia)
ik ik
_ﬁ(l] icsmz + X icsi) (28f)
S5n2
Ay :F]’l"'csm (28g)
2TE\/§ ii 2n3\/§ . .
Avije = Vil (M esms) — 302 (" resmo + " resmo ) (28h)
Ao — t/kl i+ n l//\’IK _ ! ffle _ n° Uk/K (281)
i = oA Kg4 6L SHS " TeL3 SH6 ~ 1673 SHO

with 7,j,k,/ > 2. It is noted that, in the case of a compressed column, all terms in ¥/
Ksyg vanish upon integration.

3.2. Equilibrium equations

Differentiating the total potential energy function (27) with respect to the several
degrees of freedom yields the equilibrium equations of the system [18]. Specifically,
for i =1, yields

oA nMD IMD IMD IMD 'MD
3, =A4A,+2A4 (l—l—ZZ Alz] a/(l+2A11U a’a —l—ZZZAhjkla/a a=0
i=2 j=2 i=2 j=2 k=

(29)

while for the remaining degrees of freedom (i > 2),

8[4 nMD nMD
8a—2An a+z U+A]z) a+z Alz] +A1]z) cl/cl—l—(Al],]-i-A]]],) aja]
2 =2
/L%/ J
IIMD IMD D X
+ZZ[(AW< + Ajic + Ay d a+ (A + Ay + Avgr) ' d ¥ a
=2 k=2

NMD "MD "MD

+ ZZZ[ ikt + Ajit + A + Ay Y d*d'a) = 0. (30)
===
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Eq. (29) can be solved with respect to 'a, giving

L AU SRS Al SR ST E"MD Al dd‘a (31)
- 2A11 +2ZnMD Z”MD All!}

or, in the case of an open cross-section,

la _ A4, — ZnMD ZHMD All} | (32)
241

because of the inexistence of a shear flow.
3.3. Pre-buckling solution and sliding coordinate transformation
Egs. (29) and (30) yield a pre-buckling (fundamental) solution defined by

A .
lapifﬁlll, ICIF:() fori:2,...,nMD. (33)

In order to simplify further calculations, it is worth applying a sliding coordinate
transformation [18,19]

ia:iap+iq, i:l,...,nMD (34)
to yield a trivial fundamental solution
iq:O, iZl,...,I’lMD. (35)

The resulting total potential energy function, now denoted by W, is given by

IMD 'MD
W=Wo+Wn'q+ ZZ(Vszlqlq + W' dd g+ W' 'dq)
i=2 j=2
IMD "MD "MD MD "'MD 7"MD 'MD
+ ZZZ t/k (]]q q+ Wll]k q Q"q q + ZZZZ l]kl Cllq
i=2 j=2 k=2 i=2 j=2 k=2 1=2
(36)
where
AZ
Wy=—-—1 37
OT T4, (37a)
Wi = An (37b)
. A2 A;
ifi=j, Wi=Ai+Ani—m — Auis—
Wy = iy 24 (37¢)
y AZ A,‘

00 gy Wi = Ay Ay g = A
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A A
Wi = Avj — jil 1 (37d)
Ay A
Wik = A — 2111:“ 1 (37¢)
Wi = At (37f)
Wiy = Any (37g)
Wit = Ajjia. (37h)

Linear eigenvalue analysis

The critical loads of the compressed column are now easily evaluated by setting
to zero the determinant of the Hessian matrix of the total potential energy func-
tion, evaluated along the fundamental path of the system [18,19]:

2Wi 0 0 .0
) 2Wy W+ Wi -+ Wanun + Winn2
det(HF) = 881—8[4]/ — 2W33 W3”MD + I/I/HMD:; :0
q9q |
Symmetric :
2 WnMDnMD

(38)

Analysing Eq. (38), the following conclusions can be drawn:

(@)

(i)

(iif)

the first row and the first column have all terms equal to zero with the excep-
tion of the term ''Hy, which is not dependant of P; so, when finding the roots
of the determinant Hp, only the submatrix formed by the last (nyp — 1) rows
and columns shall be considered;

for closed cross-sections, the terms Wy, for i =j and i # j, in the A1,;(A47/4A43,)
part, contain a quadratic factor in P, which is dependent of coefficient ' gpo;
so, for closed section members only, if third order coefficients are taken into
account for the determination of the critical loads, a non-linear eigenvalue
problem will occur [20]—this fact will have a small influence for the value of the
critical loads, so in the example presented below, only second order terms will
be considered for the closed cross-section;

for open or closed cross-sections, the terms Wj;, for i =j and i # j, contain, in
general, a linear term in P in the part 4,;(4;/2A11), so all coefficients for i,j > 2
will have a constant part and a linear part in P—thus, the eigenvalue problem is
established.

Regarding the first conclusion above, the eigenvalue-eigenvector problem will
have dimension (nvp — 1), since coordinate 'g will always be passive. From the
third conclusion, the shape of any term (i, j) of Hp, for any i,j > 2, is "Hy +7 H, P,
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and the generalized eigenvalue problem can be established in the form [21]:
(H0+P-H1)q=0, (39)

being the non-zero terms in the eigenvectors ¢, if properly normalized, regarded as
the “participation” of their relative mode of deformation in the overall buckling—
note that in this particular case, each coordinate ‘g is related to a specific mode of
deformation.

4. Example

In order to illustrate the use of the energy formulation in the context of GBT,
the stability analysis of a compressed thin-walled prismatic member with open or
closed cross-section is presented. The closed cross-section—case 1—consists of a
RHS 80 x 40 x 2 member while the open section—case 2—was chosen to have the
same height, width and cross-sectional area as and also to fulfil EC3—part 1.3
recommendations for lip slenderness [22]. Fig. 5 illustrates the cross-section
geometry and the nodal discretization for the chosen examples. The Young modu-
lus is £ =210 GPa and the Poisson ratio is = 0.3. The warping functions, the
cross-section displacements and the transverse bending moments are shown in
Figs. 6-8. For a compressive axial force P applied at one member end (see Fig. 9),
the potential of the external load is simply given by:

1 2V/5

=L~ an P. (40)

Opy=Px'V|

Being both cases related to equal cross-section areas—that is equivalent to say,
in GBT notation, to equal values of 'C [11]—their fundamental paths become

@ ©® O ©) O]

I T
< @
80 mm g
—5 _ S
_»41_ mm .@ -@ _.41_2.5 mm s @
5 O
1
L | TR <+
T © © © 40 mm © ©
Nodal Nodal
discretization discretization
Case 1 Case 2

Fig. 5. Definition of cross-section dimensions and nodal discretization.
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:

Mode 1 Mode 2 Mode 3 Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6 Mode 4 Mode 5

A4 .

Mode 7 Mode 8 Mode 9
Case 1 Case 2

Mode 7 Mode 8

Fig. 6. Shape of the modal cross-section displacements.

equal and given by:
'ay =2.21832 x 107° x L2 (41)

all other coordinates being equal to zero. Applying standard stability procedures
[18,19], the critical loads presented in Fig. 10 are obtained, together with the modal
participation coefficients.

In case 1, the existence of three buckling regions is clearly perceptible. The first
region, where modes 6 and 5 are predominant, corresponds to the local plate buck-
ling zone, for lengths smaller than 400 mm. Then, as the member length increases,
the second region occurs, where modes 3 and 7 interact, this phenomenon being
related to global buckling—minor axis bending—influenced by buckling of the
compressed web, linked to the asymmetric distortional mode. Finally, for lengths
greater than about 1500 mm, the third region occurs, where global buckling mode
(minor axis bending) alone governs the behaviour of the member. It is important
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i

Mode 1 Mode 2 Mode 3 Mode 1 Mode 2 M(;de 3

Mode 4 Mode 5 Mode 6 Mode 4 Mode 5 Mode 6
Mode 7 Mode 8 Mode 9 Mode 7 Mode 8 Mode 9
Case 1 Case 2

Fig. 7. Shape of the modal warping displacements.

to note that individual mode buckling loads for modes 4 and 5 are much greater
than the buckling loads for all modes, as can be observed in Fig. 11.

The buckling behaviour and the modal participation for case 2 are more com-
plex, due to the fact that this case deals with a monosymmetric open cross-section.
Four buckling regions can be identified. The first region is related to lengths
smaller than 100 mm and local plate buckling rules the column behaviour, with a
small influence of the lips buckling. In GBT notation, this fact is expressed by the
influence of mode 6 coupled with mode 9. Then, a second region occurs for lengths
up to 530 mm and mode 5 rules the buckling loads, corresponding to the sym-
metric distortional buckling zone. In the third region, for column lengths between
530 and 2100 mm, body modes 2, 4 and 6 rule the behaviour—in this zone, at first,
mode 6 (asymmetric distortional mode) governs the behaviour but smoothly major
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Mode 1 Mode 2 Mode 3 Mode 1 Mode 2 Mode 3

Mode 4

Mode 4 Mode 5 Mode 6

Mode 8 Mode 7 Mode 8 Mode 9

Case 1 Case 2

Fig. 8. Shape of the modal transverse bending diagrams.

axis bending (mode 2) takes the most relevant role. Then, for lengths higher than
2100 mm, minor axis bending starts suddenly to rule alone the behaviour of the
column.

Case 1 Case 2

Fig. 9. The compressed column.
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Fig. 10. Buckling loads and modal participations for cases 1 and 2.

Observing Fig. 12, it can be concluded that the buckling loads for the closed
cross-section are much greater for a lengths range between 250 and 1600 mm (in
the open section case, this lengths range corresponds to the 2nd and 3rd regions)
because, for these lengths, symmetric and asymmetric distortional buckling rule the
open section buckling loads behaviour and they are not present or not relevant for
the closed section case. However, the thickness of the open section is greater and
this fact implies a greater buckling load only for very small lengths, for those

P, (kN)
50000

45000
40000
35000
30000
25000

— Mode 4
— Mode 5

L (mm)
500 1000 1500 2000 2500 3000 3500

Fig. 11. Single mode buckling loads for modes 4 and 5 for case 1.
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Fig. 12. All modes bifurcation loads for cases 1 and 2.

where local plate buckling is the most relevant buckling mode for the open and for
the closed sections.

5. Conclusions

A unified energy formulation for the analysis of the stability of open or closed
thin-walled cross-section members in the framework of GBT was presented. This
formulation highlights the specific differences between the two types of sections,
namely the presence of a shear flow for closed cross-section members and the need
to take into account the membrane shear distortion. Using a Rayleigh-Ritz
approach and sinusoidal approximations for the various modes of deformation, it
was possible to obtain solutions for the various bifurcation loads. Application to
the evaluation of the stability of a compressed column for two different cross-sec-
tion alternatives with constant area has shown a net gain in the buckling resistance
for the closed cross-section elements for the intermediate slenderness range.

Finally, the energy formulation is able to deal with the post-buckling behaviour
of thin-walled members, since it already includes the relevant non-linear terms, an
issue being currently actively pursued.
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