
December 11, 2003 10:58 WSPC/165-IJSSD 00100

International Journal of Structural Stability and Dynamics
Vol. 3, No. 4 (2003) 461–490
c© World Scientific Publishing Company

NONLINEAR GENERALIZED BEAM THEORY
FOR COLD-FORMED STEEL MEMBERS

N. SILVESTRE and D. CAMOTIM∗

Civil Engineering Department, IST, Technical University of Lisbon,
Av. Rovisco Pais, 1049-001 Lisbon, Portugal

∗dcamotim@civil.ist.utl.pt

Received 5 March 2003
Accepted 6 August 2003

A geometrically nonlinear Generalized Beam Theory (GBT) is formulated and its appli-
cation leads to a system of equilibrium equations which are valid in the large deformation
range but still retain and take advantage of the unique GBT mode decomposition feature.
The proposed GBT formulation, for the elastic post-buckling analysis of isotropic thin-
walled members, is able to handle various types of loading and arbitrary initial geometri-
cal imperfections and, in particular, it can be used to perform “exact” or “approximate”
(i.e., including only a few deformation modes) analyses. Concerning the solution of the
system of GBT nonlinear equilibrium equations, the finite element method (FEM) con-
stitutes the most efficient and versatile numerical technique and, thus, a beam FE is
specifically developed for this purpose. The FEM implementation of the GBT post-
buckling formulation is reported in some detail and then employed to obtain numerical
results, which validate and illustrate the application and capabilities of the theory.

Keywords: Nonlinear generalized beam theory; transverse extension modes; shear modes;
post-buckling analysis; thin-walled isotropic members.

1. Introduction

In order to assess the structural efficiency of slender thin-walled members (e.g., cold-
formed steel profiles), it is necessary to obtain in-depth information about their
global (flexural and flexural-torsional — see Fig. 1(a)) and local (local-plate and
distortional — see Figs. 1(b) and (c)) buckling and post-buckling behaviors. This
task involves (i) identifying the relevant buckling modes, (ii) calculating the asso-
ciated bifurcation stresses and (iii) determining the corresponding post-buckling
equilibrium paths and strength values, which must account for the presence of
unavoidable initial imperfections. Besides contributing to a better understanding of
geometrically nonlinear behavior of members, all the above information also plays
a crucial role in the development, validation and calibration of design rules and
methodologies. Indeed, only reliable and physically-based models lead to rational,
fully efficient and easy-to-use formulae and/or procedures.

The advances in the field of computational mechanics during the last few
decades, together with the continuous and fast growing availability of powerful
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(a) (b) (c)

Fig. 1. Member (a) flexural-torsional (b) local-plate and (c) distortional buckling.

computational tools (hardware and software), have led to a widespread and rou-
tine use of numerical structural analyses. Among the methods employed, the finite
element method1–3 (FEM) is, by far, the most popular, mostly because of its (i)
versatility, (ii) solid mathematical foundations and (iii) large dissemination. In the
case of slender thin-walled members, the type and number (mesh) of finite elements
adopted must enable the adequate modelling of various local and global instability
phenomena. This requirement often leads to the adoption of a large number of
complex geometrically nonlinear shell elements to discretize the member.4

Since the FEM geometrically nonlinear analyses of slender thin-walled mem-
bers invariably (i) involve fine FE meshes and (ii) require computer-intensive
incremental-iterative numerical techniques, they cannot be used for routine design
applications (even with the present-day fast computers). In order to overcome this
limitation, one can use the finite strip method5–9 (FSM), which has already been
shown to provide a very efficient alternative to FEM linear stability analyses (for
prismatic members). In the last decade, the Generalized Beam Theory10,11 (GBT)
has also emerged as another competitive (and conceptually different) alternative to
FEM linear stability analyses (again for prismatic members). Finally, one should
also mention the “spline finite strip method”6 (SFSM), that somewhat combines
FSM and FEM. In this method, the longitudinal variation of the displacement field
is approximated by “B3-spline functions”, instead of analytical expressions. The
SFSM can be used in a much wider range of problems than the FSM, namely
to perform buckling12 and post-buckling (geometrically nonlinear) analyses13,14 of
members with support conditions other than pinned and free-to-warp end sections.
In the context of buckling analyses, “bubble functions” have been used to improve
the SFSM efficiency15 (here the accuracy is achieved with less strips).

At present, the “exact” geometrically nonlinear behavior of thin-walled members
can only be accurately determined by resorting to FE16–19 or SFS13,14,20–25

analyses. In particular, assessing the local-global mode interaction phenomena still
constitutes a formidable task, mostly due to the need to model short and long-wave
structural behaviors simultaneously. In addition, the results yielded by the above
numerical analyses are often difficult to process and/or interpret, a feature that
often clouds the full understanding of all phenomena under consideration.

GBT was developed by Schardt10,11 in the mid-1980s and later employed exten-
sively by Davies and co-workers,26,27 mostly to analyze the linear stability behavior
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of cold-formed steel members. It accounts for both cross-section (local) and member
(global) deformations and has been shown to be a very efficient tool for analyzing
local and global stability behavior of thin-walled cold-formed steel (isotropic) and
composite (orthotropic) members.28,29 In fact, by decomposing the member buck-
ling modes into linear combinations of “pure deformation modes”, GBT offers possi-
bilities not available even through the use of powerful numerical techniques (e.g., the
FEM or the FSM) and provides a general and elegant approach to obtain accurate
solutions for several stability problems. Indeed, since the GBT d.o.f. are modal (in-
stead of nodal) displacements, all the member deformed configuration “ingredients”
are revealed by the analysis, which still retains the accuracy of the “conventional”
methods. In addition, this feature also enables the derivation of analytical formulae
to evaluate local and global buckling loads.30 However, since the available GBT
equations are only valid for small deformations and moderate rotations, significant
developments and extensions are required before genuine post-buckling analyses
can be performed.4

The objective of this paper is to present the derivation of a nonlinear isotropic
GBT, which extends the available theory into the post-buckling range, thus making
it possible to perform geometrically nonlinear analyses in open section thin-walled
members made of cold-formed steel profiles. The application of this nonlinear theory
leads to a system of equilibrium equations which are valid in the large deformation
range but still retain and take advantage of the unique GBT mode decomposition
feature. Moreover, it is possible (i) to consider different types of loading, (ii) to take
into account the presence of arbitrary initial geometrical imperfections and (iii) to
determine, with great accuracy, “exact” and “approximate” (i.e., including just a
few deformation modes) member post-buckling equilibrium paths.

Initially, the principle of virtual work is used to derive the nonlinear equilibrium
equations governing the geometrically nonlinear behavior (large displacement) of
isotropic elastic thin-walled members displaying open cross-sections. These equa-
tions involve three local displacement components, defined on the member mid-
surface and having the longitudinal variation described by a single function. Next,
the paper focuses on the set of operations and procedures required to obtain the
cross-section deformation modes and determine the corresponding modal mechani-
cal properties. It is worth noting that this task is considerably more complex than
the corresponding one performed in the “traditional” GBT,11,26 due to the need to
account for two additional sets of deformation modes: (i) shear and (ii) transverse
extension modes.31 Then, the paper describes the steps involved in the formulation
and numerical implementation of a nonlinear beam FE specifically developed to
solve the GBT system of nonlinear equilibrium equations and boundary conditions.
It should be remarked that, since no path-following numerical technique to han-
dle branch-switching at bifurcation points was implemented, all the post-buckling
analyses dealt with in this work correspond to initially imperfect members. In order
to validate and illustrate the application and capabilities of the nonlinear GBT,
several numerical results, concerning the geometrically nonlinear (post-buckling)
behaviour of uniformly compressed plates and lipped channel and Z-section
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Fig. 2. Coordinate system and displacement components.

columns, are presented and discussed. Some of these results are compared with
values obtained from finite element and finite strip analyses and the computational
efficiency of the proposed GBT-based approach is also addressed. It is mostly due
to the possibility of performing “approximate analyses”, i.e., analyses that account
for only a few selected GBT deformation modes.

2. Derivation of GBT Post-Buckling Equations

Consider a thin-walled prismatic member with an arbitrary open cross-section
formed by n walls (plate elements). The coordinate system and displacement com-
ponents are defined as depicted in Fig. 2. x, s and z are the coordinates along the
member length, cross-section mid-line and wall thickness, while u, v and w are the
associated displacement components. The member cross-section is assumed to be
discretized into n + 1 natural nodes (corresponding to the wall longitudinal edges
or “fold-lines”) and m intermediate nodes (in general, at least one per wall).

In order to reach a displacement representation compatible with the classical
beam theory, the components u(x, s), v(x, s), w(x, s) are expressed as

u(x, s) = uk(s)φk,x(x) v(x, s) = vk(s)φk(x) w(x, s) = wk(s)φk(x) , (1)

where (·),x ≡ d(·)/dx, the functions uk(s), vk(s) and wk(s) represent the variation of
u, v and w along the cross-section mid-line and φ(x) is a “displacement amplitude
function” defined along the member length L. Moreover, one may also include
member initial geometric imperfections in the form

ū(x, s) = uk(s)φ̄k,x(x) v̄(x, s) = vk(s)φ̄k(x) w̄(x, s) = wk(s)φ̄k(x) , (2)

where φ̄ and φ have similar meanings. The relevant nonlinear strain-displacement
relations employed are

εxx = u,x +
1
2

(v2,x + w2,x) − zw,xx − ū,x − 1
2

(v̄2,x + w̄2,x) + zw̄,xx

εss = v,s +
1
2

(v2,s + w2,s) − zw,ss − v̄,s − 1
2

(v̄2,s + w̄2,s) + zw̄,ss

γxs = u,s + v,x + v,xv,s + w,xw,s − 2zw,xs − ū,s − v̄,x

− v̄,xv̄,s − w̄,xw̄,s + 2zw̄,xs (3)



December 11, 2003 10:58 WSPC/165-IJSSD 00100

Nonlinear Generalized Beam Theory for Cold-Formed Steel Members 465

or, after taking into account Eqs. (1) and (2),

εxx = ukφk,xx +
1
2

(vkvi + wkwi)φk,xφi,x − zwkφk,xx

− ukφ̄k,xx − 1
2

(vkvi + wkwi)φ̄k,xφ̄i,x + zwkφ̄k,xx

εss = vk,sφk +
1
2

(vk,svi,s + wk,swi,s)φkφi − zwk,ssφk

− vk,sφ̄k +
1
2

(vk,svi,s + wk,swi,s)φ̄kφ̄i − zwk,ssφ̄k

γxs = (uk,s + vk)φk,x + (vkvi,s + wkwi,s)φk,xφi − 2zwk,sφk,x

− (uk,s + vk)φ̄k,x − (vkvi,s + wkwi,s)φ̄k,xφ̄i + 2zwk,sφ̄k,x . (4)

Since the thin-walled member is isotropic and elastic material, the constitutive
relation of each wall element is defined by

σxx

σss

σxs


 =



Q11 Q12 0
Q12 Q22 0

0 0 Q66





εxx

εss

γxs


 =

E

1 − ν2




1 ν 0
ν 1 0
0 0 1

2 (1 − ν)





εxx

εss

γxs


 , (5)

where E and v are Young’s modulus and Poisson’s ratio, respectively.

2.1. Variation of the strain energy

The variation of the member strain energy is given by

δU =
∫
ΩV

σijδεijdV = δU1 + δU2 + δU3 − δŪ1 − δŪ2 − δŪ3 , (6)

where ΩV is the volume of n plates forming the member and the bar (̄ ) identifies
a term stemming from the initial imperfections. By incorporating Eqs. (4) and (5)
into (6) and integrating over the cross-section (coordinates s, z), one obtains the
following expressions for δU terms

δU1 =
∫

L

(Ckhφk,xxδφh,xx + Bkhφkδφh + DI
khφk,xδφh,x

+DII
khφkδφh,xx + DII

hkφk,xxδφh) dx

δU2 =
∫

L

(
Ckjhφk,xxφj,xδφh,x +

1
2
Chjkφk,xφj,xδφh,xx

+
(
Bkjh +

1
2
Bhjk

)
φkφjδφh + DI

kjhφk,xφj,xδφh

+ (DI
hkj + DI

khj)φk,xφjδφh,x +
1
2
DII

hjkφkφjδφh,xx

+DII
kjhφk,xxφjδφh + DIII

kjhφkφj,xδφh,x +
1
2
DIII

hjkφk,xφj,xδφh

)
dx
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δU3 =
∫

L

(
1
2
Ckijhφk,xφi,xφj,xδφh,x +

1
2
Bkijhφkφiφjδφh

+DI
kijhφk,xφiφjδφh,x + DI

kihjφk,xφiφj,xδφh

+
1
2
DII

kijhφk,xφi,xφjδφh +
1
2
DII

jhkiφkφiφj,xδφh,x

)
dx . (7)

δŪ1 =
∫

L

(Ckhφ̄k,xxδφh,xx + Bkhφ̄kδφh + Dkhφ̄k,xδφh,x

+DII
khφ̄kδφh,xx + DII

hkφ̄k,xxδφh) dx

δŪ2 =
∫

L

(
Ckjhφ̄k,xxφj,xδφh,x +

1
2
Chjkφ̄k,xφ̄j,xδφh,xx + Bkjhφ̄kφjδφh

+
1
2
Bhjkφ̄kφ̄jδφh + DI

kjhφ̄k,xφj,xδφh + DI
khj φ̄k,xφjδφh,x

+DI
hkj φ̄k,xφ̄jδφh,x + DII

kjhφ̄k,xxφjδφh +
1
2
DII

hjkφ̄kφ̄j δφh,xx

+DIII
kjhφ̄kφj,xδφh,x +

1
2
DIII

hjkφ̄k,xφ̄j,xδφh

)
dx

δŪ3 =
∫

L

(
1
2
Ckijhφ̄k,xφ̄i,xφj,xδφh,x +

1
2
Bkijhφ̄kφ̄iφjδφh

+DI
kijhφ̄k,xφ̄iφjδφh,x + DI

kihj φ̄k,xφ̄iφj,xδφh

+
1
2
DII

kijhφ̄k,xφ̄i,xφjδφh
1
2
DII

jhkiφ̄kφ̄iφj,xδφh,x

)
dx , (8)

where δU1, δU2 and δU3 are linear, quadratic and cubic functionals of the mode
amplitude functions φi; δŪ1 and δŪ3 are linear and quadratic functionals of the
imperfection amplitude functions φ̄i; and δŪ2 has linear and quadratic terms in φ̄i.
The second, third and fourth order tensors appearing in Eqs. (7) and (8), which
stem from the cross-section integration of products involving uk(s), wk(s), wk(s)
and their derivatives, are defined by

Ckh =
∫

b

(A11ukuh + D11wkwh) ds

Bkh =
∫

b

(A22vk,svh,s + D22wk,sswh,ss) ds

DI
kh =

∫
b

[A66(vk + uk,s)(vh + uh,s) + 4D66wk,swh,s] ds

DII
kh =

∫
b

(A12vk,suh + D12wk,sswh) ds



December 11, 2003 10:58 WSPC/165-IJSSD 00100

Nonlinear Generalized Beam Theory for Cold-Formed Steel Members 467

Ckjh =
∫

b

A11uk(vjvh + wjwh) ds

Bkjh =
∫

b

A22vk,swj,swh,s ds

DI
kjh =

∫
b

A66(vk + uk,s)wjwh,s ds

DII
kjh =

∫
b

A12ukwj,swh,s ds

DIII
kjh =

∫
b

A12vk,s(vjvh + wjwh) ds

Ckijh =
∫

b

A11(vkvi + wkwi)(vjvh + wjwh) ds

DI
kijh =

∫
b

A66wkwi,swj,swh ds

DII
kijh =

∫
b

A12(vkvi + wkwi)wj,swh,s ds

Bkijh =
∫

b

A22wk,swi,swj,swh,s ds . (9)

Note that Aij and Dij are the axial and bending stiffness matrices of each wall
element, which can be evaluated by means of the following expressions32

Aij =
∫

t

Qijdz = tQij Dij =
∫

t

z2Qijdz =
1
12
t3Qij . (10)

2.2. Virtual work of the external loads

Next, one must address the virtual work (δΠ) done by the external loads, which are
assumed to belong to one of the following two types: (i) loads distributed over the
member volume and (ii) “concentrated” loads applied on the member end sections
(which are, in fact, distributed over the corresponding cross-section areas).

2.2.1. Distributed loads

Consider the applied load density per unit mid-surface area q(s, x) ≡ q as shown
in Fig. 3(a), decomposed along the coordinate axes as qx, qs and qz (see Fig. 3(b)).
Note that, when body forces (e.g., gravity loads) are present, the value of q already
incorporates the integration over the wall thickness. Then, the virtual work done
by this load (δΠq) reads (δu, δv, δw are virtual displacements) as

δΠq = −
∫

L

∫
b

(qxδu + qsδv + qzδw) ds dx (11)
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Fig. 3. (a) Applied load density q(x, s) ≡ q and (b) its components qx, qs and qz.

qz(x,s) qs(s) qx(x) 

Fig. 4. Examples of load component distributions.

or, after introducing Eq. (1) (summation convention in i),

δΠq = −
∫

L

qh dxδφh − qxuhδφh|L0 . (12)

The load vector qh, which is able to handle any load component distribution
along the cross-section mid-line (s) or the member axis (x) (see Fig. 4), is given by

qh =
∫

b

(qsvh + qzwh − qx,xuh) ds . (13)

2.2.2. Concentrated end loads

Consider now the member end sections (x = 0;L) subjected to a general applied
stress distribution varying (i) linearly along the wall thickness (with z) and
(ii) arbitrarily along the cross-section mid-line (with s). In the context of GBT,
it is convenient to make a distinction between the applied stress components nor-
mal and tangential to the cross-section plane: “normal stresses” σ(s, z) and “shear
stresses” τ(s, z) (see Fig. 5).

Given the modal nature of GBT, it will be necessary to further decompose,
either exactly or approximately, the applied stress distributions σ(s, z) and τ(s, z)
into a linear combination of a sequence of normal (σh(s, z)) and shear (τh(s, z))
stress diagrams, each associated to a given deformation mode h. Since GBT deals
with stress resultants, instead of stresses, the diagrams σh(s, z) and τh(s, z) are
naturally “replaced” by their counterparts W σ

h and W τ
h . For instance, if h is the
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τ(s)σ(s)

Fig. 5. Normal σ(s, z) and shear τ(s, z) stress distributions applied at an end section.

major axis bending deformation mode, then W σ
h is the applied major axis bending

moment and W τ
h is the minor axis applied shear force. Then, the virtual work done

by the stress resultants acting on the member end sections (x = 0;L) reads as

δΠW = −W σ
h δφh,x|L0 −W τ

h δφh|L0 . (14)

2.3. System of equilibrium equations

Applying the principle of virtual work and noting that δφi are kinematically
admissible and otherwise arbitrary functions, one obtains the system of member
equilibrium equations, which can be written in a variational form, as

δU1 + δU2 + δU3 − δŪ1 − δŪ2 − δŪ3 + δΠq + δΠW = 0 . (15)

The steps and procedures involved in the performance of a GBT post-
buckling analysis are related to two main tasks: (i) cross-section and (ii) member
analyses.28,33 The first one concerns the identification of the deformation modes
and the evaluation of the corresponding modal mechanical properties, i.e., the
second, third and fourth order tensor quantities defined in Eq. (9). The second
task aims at determining the evolution of functions φk(x) with the load parameter
λ and involves establishing and solving the system formed by Eq. (15). Obviously, it
requires information on the cross-section modal mechanical properties, the member
length, the end conditions and the applied load.

3. Cross-Section Analysis: Deformation Modes and Modal
Mechanical Properties

The performance of a cross-section analysis requires a rather lengthy and relatively
complex set of operations. Although these operations have been reported in the
literature,11,28,31 an overview presented herein puts them into perspective and,
hopefully, it will help the reader in acquiring further insight on the unique features
of GBT. Indeed, attention should be paid to the following points:

(i) As mentioned earlier, the member cross-section (comprising n wall segments)
must be discretized into n + 1 natural nodes and m intermediate nodes.

(ii) There are two families of deformation modes, namely, the fundamental modes
(FM) and the shear modes (SM). The first designation accounts for the fact
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that the FM are the modes originally considered by Schardt11 (the SM have
only very recently been addressed).31,34

(iii) The FM constitute the core of GBT and are based on Vlassov’s hypothesis
of neglecting the in-plane (membrane) shear deformations (γM

xs = 0) in the
member walls. Therefore, all FM are shear nondeformable. They can still be
divided into two sub-groups, depending on whether they stem from warping
displacements u (FMu) or flexural displacements w (FMw):

• The FMu are the essence of GBT and always correspond to non-null
displacements u(s), v(s) and w(s), obtained by imposing unit warping
displacements at each natural node and taking into account geometrical
relations based on Vlassov’s hypothesis. Moreover, these modes include all
the deformation modes considered by the classical beam theories, such as
Euler–Bernoulli or Vlassov theories.

• The FMw, somewhat departing from the “pure essence” of GBT, are asso-
ciated to transverse bending of the member walls (no warping). The w(s)
are the only non-null displacements, obtained by imposing unit flexural dis-
placements at each intermediate node. Since u(s) = v(s) = 0, all FMw

trivially satisfy Vlassov’s hypothesis.

(iv) Up until very recently, the incorporation of SM in GBT had never been raised,
probably because the influence of shear deformation on either the first order or
linear stability behavior of isotropic thin-walled members is negligible. Since
SM violates Vlassov’s assumption, their determination must be based on other
hypotheses. Depending on the nature of these hypotheses, SM may also be
divided into the following two sub-groups:

• SMu, based on the assumption of v(s) = 0 and, therefore, involving only
warping and flexural displacements u(s) and w(s), obtained by imposing
unit warping displacements and null membrane transverse displacements
at each natural and intermediate node. Since this implies the absence
of flexural displacements w(s), the cross-section experiences no in-plane
deformation (it does not even move).

• SMv, based on the assumption of u(s) = 0 and, thus, involving only trans-
verse displacements v(s) and w(s), obtained by imposing unit membrane
transverse displacements and null warping displacements at each node: (a)
two such displacements at each “internal” natural node (along the trans-
verse directions of the converging wall elements) and (b) one at the two
“end” natural nodes and each intermediate node. As the imposition of
vk = 1 at a wall element converging at a given natural node always leads to
flexural displacements w(s) at the adjacent wall element, these modes in-
volve in-plane cross-section deformation. The inclusion of the SMv makes
it possible to account for the cross-section deformation stemming from the
plate elements transverse extension.
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(v) In order to satisfy all different mode assumptions, the cross-section deformed
configurations due to the application of the “unit functions” are “constrained”
in such a way that compatibility between displacements uk(s), vk(s) and wk(s)
is ensured. Therefore, the corresponding displacement field is characterized by:

• FMu: linear uk(s), constant vk(s) and cubic wk(s).
• FMw: uk(s) = vk(s) = 0 and cubic wk(s).
• SMu: linear uk(s) and vk(s) = wk(s) = 0.
• SMv: uk(s) = 0, linear vk(s) and constant wk(s).

(vi) After determining the displacement field, calculating the tensor quantities de-
fined in Eq. (9) becomes a straightforward (but time-consuming) task, which
can be performed using a symbolic manipulation (e.g., MAPLE).35 Note, how-
ever, that, with just a few exceptions, all the tensor components are non-
null, thus implying that the associated GBT system of nonlinear equations
[Eqs. (15)] is highly coupled. In order to take full advantage of the GBT po-
tential and shed light on the physical meaning of the components of matrices
(second order tensors) [Ckh], [Bkh] and [Dkh], the previous “(generalized) co-
ordinates” must be changed so that two of the above three matrices become
simultaneously diagonal . In order to define such coordinate change, one must
solve four eigenvalue problems (one per deformation mode sub-group):

• FMu: ([Bkh] − λ[Ckh])uk = {0}.
• FMw: ([Bkh] − λ[Ckh])wk = {0}.
• SMu: ([Dkh] − λ[Ckh])uk = {0}.
• SMv: ([Bkh] − λ[Dkh])vk = {0}.

(vii) The solution of the four eigenvalue problems leads to the identification of sets
of eigenvectors {ak} corresponding to orthogonal cross-section deformation
modes . For instance, the modes yielded by solving the first (FMu) eigen-
value problem are: extension, major axis bending, minor axis bending, torsion
and several distortion modes. After applying the transformation matrix (as-
semblage of the eigenvectors {ak}) to [Ckh], [Bkh] and [Dkh], one is led to
“transformed matrices” whose components are cross-section mechanical prop-
erties . Their physical meanings are obvious for the four FMu global modes
(axial, bending, torsion and warping stiffness values) and unfamiliar, for the
distortional FMu, FMw and SM. A detailed description of the techniques used
to obtain these results can be found in work by the authors.11,28,31

Table 1 provides an overall view of the hypotheses, steps and procedures involved
in performing a GBT cross-section analysis. Finally, in order to enable the visuali-
zation of the different deformation modes, Figs. 6–9 show, for the case of a lipped
channel cross-section, the most relevant features of the four sets of GBT modes: (i)
the FMu and FMw in-plane configurations (vk and wk), (ii) the SMu warping dis-
placements (uk) and (iii) the SMv transverse (vk) and flexural (wk) displacements.
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1 2 3 4 

5 6 

Fig. 6. In-plane (vk, wk) configurations of the FMu (global and distortional) modes.
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Fig. 7. In-plane (vk , wk) configurations of the FMw (local-plate) modes.
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Fig. 8. Warping displacements (uk) associated to the SMu modes.
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Fig. 9. Transverse (vk) and flexural (wk) displacements associated to the SMv modes.
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4. Member Analysis: FEM Solution of the GBT Equations

4.1. Nonlinear beam FE formulation

In order to solve the system of GBT nonlinear equations [Eq. (15)], a beam FE
is formulated, using Hermitean polynomials to approximate the deformation mode
amplitude functions φk(x), i.e. by adopting the shape function vector

N =
[
Le(ξ3 − 2ξ2 + ξ) 2ξ3 − 3ξ2 + 1 Le(ξ3 − ξ2) −2ξ3 + 3ξ2

]
, (16)

where Le is the FE length and ξ = x/Le. The vector of generalized nodal displace-
ments is

dk =
[
dk1 dk2 dk3 dk4

]�
, (17)

with dk1 = φk,x(0), dk2 = φk(0), dk3 = φk,x(Le), dk4 = φk(Le). Incorporating

φk(x) = N · dk , (18)

into Eq. (15) and carrying out the integrations, one is led to the FE matrix equation

f (e) = f (e)e ⇔ f (e)1 + f (e)2 + f (e)3 − f̄ (e)1 − f̄ (e)2 − f̄ (e)3 = f (e)e , (19)

where f (e)e is the external applied force vector, f (e)p are internal force vectors whose
components are linear (p = 1), quadratic (p = 2) or cubic (p = 3) functions of
the d(e) components, and f̄ (e)p are (additional) internal force vectors related to the
initial geometric imperfections whose components are linear (p = 1), linear and
quadratic (p = 2) and quadratic (p = 3) functions of the imperfection d̄(e). Note
also that (i) f̄ (e)1 components are independent of d(e), (ii) some f̄ (e)3 components
vary linearly with d̄(e) and (iii) f̄ (e)2 components include terms independent and
linear in d̄(e). Vectors f (e)p are expressed in the form

f (e)p = K(e)
p−1d

(e)

(
3∑

p=1

K(e)
p−1

)
d(e) = f (e)e , (20)

where displacement vector d(e) , external force vector f (e)e and stiffness matrix K(e)
p−1

are given by (N is the number of cross-section deformation modes)

d(e) =




d1
· · ·
dk

· · ·
dN




f (e)e =




f1
· · ·
fh
· · ·
fN




K(e)
p−1 =




kp−1
11 · · · kp−1

1h · · · kp−1
1N

· · · · · · · · · · · · · · ·
kp−1

k1 · · · kp−1
kh · · · kp−1

kN

· · · · · · · · · · · · · · ·
kp−1

N1 · · · kp−1
Nh · · · kp−1

NN



, (21)

where the sub-matrix kp−1
kh components concern either single deformation mode

k(k = h) or coupling between two, three or four modes (k 	= h), and the sub-vector
fh, related to the work done by the external forces when the cross-section deforms
in mode h, reads

fh = qhf1 + W σ
h f2 + W τ

h f3 + uhf4 . (22)
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K(e)
0 is the linear stiffness matrix (symmetric and independent of d(e), with

components

k0kh = Ckhk1 + DI
khk2 + DII

khk3 + DII
hkk

T
3 + Bkhk4 , (23)

and K(e)
1 and K(e)

2 are nonlinear stiffness matrices (dependent on d(e) and often
non-symmetric), with sub-matrices k1kh and k2kh having components which vary
linearly and quadratically with d(e) and are given by

k1kh = Ckjhk5 +
1
2
Chjkk6 +

(
Bkjh +

1
2
Bhjk

)
k7

+DI
kjhk8 + (DI

hjk + DI
khj)k9 +

1
2
DII

hjkk10 + DII
kjhk11

+DIII
kjhk12 +

1
2
DIII

hjkk13 , (24)

K2
kh =

1
2
Ckijhk14 +

1
2
Bkijhk15 + DI

kijhk16 + DI
kihjk17

+
1
2
DII

kijhk18 +
1
2
DII

jhkik19 . (25)

Obviously, the expressions providing the components of matrices k5−k19 are much
more complex than the ones related to matrices k1 − k4. For illustrative purposes,
the components of matrices k1−k5 and vectors f1−f4 are supplied in the Appendix.

Then, one is led to the matrix equation

(K(e)
0 + K(e)

1 + K(e)
2 )d(e) − (K(e)

0 + K̄(e)
1 + K̄(e)

2 )d̄(e) = f (e)e , (26)

where matrices K(e)
p can be viewed as secant stiffness matrices. The solution of

Eq. (26) requires the definition of the symmetric tangent stiffness matrix

T(e)
ij = K(e)

0ij +
∂

∂d(e)j

(f (e)2 + f (e)3 − f̄ (e)2 − f̄ (e)3 )i , (27)

which may be obtained either directly from the second variation of the discretized
member strain energy δ2U [Eqs. (7) and (8)], or by differentiating the internal force
vector components (f (e)p ) [see Eq. (19)].

4.2. FE implementation and incremental-iterative

solution technique

The FE implementation of the nonlinear GBT involves the following tasks:

(i) Selecting the GBT deformation modes to be considered, which define the sub-
system of nonlinear equilibrium equations to be solved.

(ii) Longitudinal discretization (number of FEs — ne).
(iii) Identification of the (nodal) degrees of freedom, which are grouped in a global

displacement vector d and account for the end support conditions.
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(iv) Assembling the FE internal and external force vectors [see Eqs. (19) or (26)]
into global ones (f and fe).

(v) Assembling all FE tangent stiffness matrices into a global tangent matrix (T).
(vi) Solving the nonlinear equations, using a predictor-corrector technique based

on the application of Newton–Raphson’s method and arc-length control.
(vii) Post-processing and interpreting the results (stresses and displacements).

The diagrams presented in Figs. 10 and 11 provide overall views of the main steps
and procedures involved in GBT post-buckling analysis of a thin-walled cold-formed
steel (isotropic) member and the incremental-iterative solution of the nonlinear
equations.

CROSS-SECTION  
DISCRETISATION 

IMPOSITION OF UNIT 
NODAL DISPLACEMENTS 

EVALUATION OF THE 
DISPLACEMENT FIELDS 

GBT MATRIX 
CALCULATION 

DETERMINATION OF THE 
DEFORMATION MODES 

EVALUATION OF MODAL 
CROSS-SECTION PROPERTIES 

CROSS-SECTION 
ANALYSIS 

MEMBER 
ANALYSIS 

SELECTION OF 
DEFORMATION MODES 

FE MEMBER 
DISCRETISATION 

DEFINITION & ASSEMBLAGE 
OF FE MATRICES & VECTORS 

INCREMENTAL− 
ITERATIVE 
PROCEDURE 

INTERPRETATION 
OF THE RESULTS 

 

Fig. 10. Diagram of the GBT post-buckling analysis of a member.
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Fig. 11. Diagram of incremental-iterative solution of nonlinear equations.
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Since information on the Newton–Raphson’s method and arc-length control
techniques is available in the literature,2,36 the latter diagram is sketched rather
concisely. Note that the subscript i denotes the ith load step, the superscript j

denotes the jth iterative cycle within the ith load step and convergence at the
end of the (i − 1)th load step is assumed, i.e., configuration (λi−1, di−1) satisfies
equilibrium (λ is the load parameter). Finally, a few remarks about the arc-length
control strategy adopted:

(i) The initial increment of the first load step (∆λI
I) is a fixed percentage of the

known (calculated a priori) member critical load λcr.
(ii) The calculation of ∆λj

i (load parameter increment), needed to evaluate ∆dj
i ,

requires solving a constraint equation proposed by Crisfield.2,36

(iii) Automatic increment of the arc-length value (*i) is adopted: the current *i is
deemed constant within a load step and the next value *i+1 (valid for load step
i + 1) is automatically changed, on the basis of *i.

It is important, at this stage, to emphasize that accurate post-buckling results
can often be obtained by solving just a selected (small) subsystem of Eq. (26)
because, in many cases, the post-buckling evolution of the member deformed con-
figuration involves only a few deformation modes, i.e., GBT cross-section degrees of
freedom. Thus, if one just solves the subsystem of Eq. (26) formed by the equations
related to those modes, it is possible to reduce the computational effort (CPU time)
significantly, while still retaining a high accuracy. It all amounts to approximating
the member deformed configuration exclusively by the selected modes, an approach
that cannot be followed when employing other discretization methods, such as the
finite strip method. Indeed, it is not possible to describe the cross-section deformed
configuration by means of a few nodal displacements and rotations.

5. Illustrative Examples

In order to validate and illustrate the application and capabilities of the proposed
nonlinear GBT and corresponding FEM implementation, several numerical results
are presented. They concern the post-buckling behavior of uniformly compressed
plates and lipped channel and Z-section columns. In the latter case, the stub-
columns analyzed buckle in both the local-plate and distortional modes. All post-
buckling analyses assume a material (steel) behavior characterized by E = 200 MPa
and v = 0.3 and include initial geometrical imperfections with the critical buck-
ling mode shape, obtained from preliminary linear stability analyses, and small
amplitudes.

5.1. Uniformly compressed plates

The uniformly compressed simply supported square plate (b = L) shown in
Fig. 12(a), which contains a critical-mode initial imperfection with amplitude
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Fig. 12. Uniformly compressed simply supported square plate: (a) initial configuration and (b)
post-buckling equilibrium paths.
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Fig. 13. Plate deformation modes: (a) FMw(wi), (b) SMu(ui) and (c) SMv(vi).

w0 = 0.1t (t is the plate thickness) was analyzed in two situations: unloaded edges
(i) forced to remain straight and (ii) free to deform transversally. The GBT de-
formation modes associated with a “cross-section” discretization in seven nodes
are displayed in Figs. 13(a)–(c). Note also that (i) only FMw with odd half-wave
numbers participate in the plate buckling mode (obviously, the first one is predom-
inant), (ii) one must include SMv to obtain accurate post-buckling results for the
free-edge plate and (iii) SMu play a minor role.

In order to assess the convergence of the FEM implementation, one first com-
pares the results obtained with different plate discretizations, i.e., numbers of nodes
(nn) and FE (ne). Table 2 gives the w/t values (w is the displacement at the plate

Table 2. Variation of the w/t value at σ/σcr = 1.5 with nn and ne.

Free-edge Plate Straight-edge Plate

ne = 6 ne = 8 ne = 10 ne = 6 ne = 8 ne = 10

nn = 7 1.57 1.62 1.62 nn = 7 1.48 1.50 1.50
nn = 9 1.72 1.88 1.88 nn = 9 1.56 1.59 1.59
nn = 11 1.86 1.88 1.88 nn = 11 1.58 1.59 1.59
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center) for an applied stress σ/σcr = 1.5 [see Fig. 12(b)] and different combinations
of nn and ne. The results show that convergence is achieved, both for the free-edge
and straight-edge plates, if 9 nodes and 8 elements are considered. The correspond-
ing w/t values (w/t = 1.88 and w/t = 1.59) practically coincide with the ones
reported by Prola14 and obtained using the spline finite strip method (w/t = 1.92
and w/t = 1.61).

The post-buckling equilibrium paths displayed in Fig. 12(b) concern the free-
edge and straight-edge plates and were obtained with the “optimal discretization”
(nn = 9 and ne = 8). The comparison between the two curves confirms the well-
known difference exhibited by the post-buckling behaviors of the two plates and the
GBT analysis shows clearly that it stems from restricting the participation of the
SMv in the straight-edge case (thus inducing tensile transverse membrane stresses,
responsible for the additional stiffness). Moreover, the two equilibrium paths also
follow very closely the spline finite strip curves determined by Prola.14

Finally, note that “approximate post-buckling analyses”, including only the SMv

and the single half-wave FMw, yield w/t = 1.48 (straight-edge plate) and w/t = 1.75
(free-edge plate). This means that one captures about 90% of the exact w/t value
(the 3 and 5 half-wave FMw account for the remaining 10%) with considerably less
computation.

5.2. Lipped channel columns

The lipped channel columns analyzed have pinned and free-to-warp end sections and
cross-section dimensions bweb = bflange = 150 mm, blip = 7.5 mm and t = 1.5 mm.
The discretizations involve 6 natural nodes, 17 intermediate nodes (5 in the web
and flanges and 1 in each lip) and 8 finite elements. Since it is intended to determine
local-plate (LP) and distortional (D) post-buckling equilibrium paths, a preliminary
stability analysis was needed to evaluate the stub-column lengths associated to
critical single half-wave LPM and DM (LLP, LD) and corresponding bifurcation
stresses (σLPcr , σDcr): (i) LLP = 120 mm and σLPcr = 70.6 MPa and (ii) LD = 637 mm
and σDcr = 31.8 MPa.

The post-buckling analyses include all deformation modes (FMu, FMw, SMu and
SMv) and, since the configurations of most of them have been shown in Figs. 6–9,
only the ones relevant for the column post-buckling behavior are identified next:
(i) extension (1), minor axis bending (3) and distortional (5) FMu modes (Fig. 6);
(ii) primary (7) and secondary (9, 11, 13) local-plate FMw modes (Fig. 7); (iii)
SMu shear modes (15–23) (Fig. 8); (iv) SMv transverse extension modes (24–31)
(Fig. 9).

All stub-columns have critical-mode initial imperfections with amplitudes
w0 = 0.1t (LPM — w0 is the initial mid-web flexural displacement) or v0 = ±0.01t
(DM — v0 is the initial lip transverse membrane displacement). Since the degree
of nonlinearity of the LPM and DM post-buckling equilibrium paths is distinct,14

different first load increments ∆λ11 were chosen: 15% (LPM) and 7.5% (DM) of the
critical load.
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Fig. 14. Post-buckling equilibrium paths of lipped channel columns: (a) LP (b) D.

Figure 14(a) compares LP post-buckling paths obtained using (i) the GBT ap-
proach and (ii) the FEM code ABAQUS37 (fine mesh of shear deformable S4 shell
FE). Although the results are reported in terms of the mid-web displacement w, the
column instability is triggered by the flanges (recall that one has bflange = bweb).
Figure 14(b), on the other hand, shows four D post-buckling paths, yielded by
GBT and FEM (ABAQUS) analyses of two identical columns with different initial
imperfections: (i) v0 = +0.01t (flange-lip assemblies “open”) and (ii) v0 = −0.01t
(flange-lip assemblies “close”). One realizes immediately that, as recently reported
by Prola,14 the D post-critical strength is much smaller than its LP counterpart
(regardless of the v0 sign). In addition, the observation of the above curves leads
to the following remarks:

(i) The match between GBT and FEM (ABAQUS) curves is virtually perfect. For
instance, (i1) for σ = σLPcr , one has (w/t)GBT = 0.63 and (w/t)FEM = 0.64, and
(i2) for v0/t = −0.01 and σ = σDcr, one has (v/t)GBT = 0.320 and (v/t)FEM =
0.326.

(ii) The dependence of the column D post-buckling behavior on the v0 sign is not
negligible, as recently unveiled by Prola and Camotim.38 They attributed this
post-buckling asymmetry (higher post-critical strength for v0/t < 0) to marked
differences in the warping behavior of the flanges and (mostly) the lips.

(iii) The curves associated to v0/t = 0.01 (dashed) and v0/t = −0.01 (dotted)
begin to “split” well below the critical stress: for σ = σDcr, one has already
v/t = 3.84 (v0/t = 0.01) and v/t = 0.32 (v0/t = −0.01).

Next, one illustrates how the unique features of the nonlinear GBT can be used
to either (i) improve the understanding about the column post-buckling behavior or
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Fig. 15. Modal participation in the post-buckling path: (a) LP (b) D (v0 < 0) (c) D (v0 > 0).

(ii) develop computationally more efficient analyses. Figures. 15(a)–(c) show “GBT
modal analyses” of the equilibrium paths shown in Figs. 14(a) and (b). These figures
display the evolution of the deformation mode “degree of participation”a along the
column post-buckling paths, thus shedding new light on several aspects concerning
the deformed configuration. In particular, they provide an in-depth explanation for
the D post-buckling asymmetry mentioned earlier.

The numbers 1–9 located along the top and bottom horizontal axes in
Figs. 15(a)–(c) correspond to the equilibrium points identified by black dots in
Figs. 14(a) and (b). Thus, line segments uniting identical numbers provide an assess-
ment of the degree of participation (in percentage) of each GBT deformation mode
on the deformed configuration. The main conclusions drawn from Figs. 15(a)–(c)
are:

(i) The extension mode (1) fully governs in the early pre-buckling stages of the
three stub-columns. Its participation continuously decreases.

aThe exact degree of participation of each mode k in the cross-section deformed configuration
must be evaluated on the basis of φk and, obviously, varies along the column length. The results
reported here concern average degrees of participation, i.e., are based on the values of the quantities
∫L
0 |φk(x)|dx.
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(ii) Concerning the LP behavior (Fig. 14(a)), one notices that:

• Mode 7 dominates. It appears at low applied stress values (near point 2)
and progresses steadily, reaching a participation as high as 86%.

• Modes 9 and 11 become meaningful for σLP > 0.70σLPcr and σ > 1.30σLPcr .
• Shear modes 15 and 17 appear for σ > σLPcr and their joint participation

never exceeds 4%.
• Modes 26 and 28 only appear for σ > 1.30 σLPcr , but their joint participation

quickly grows up to 5%.

(iii) Concerning the D behavior (Fig. 14(b)), it is to be noted that

• Mode 5 dominates, but its participation is quite different for positive and
negative v0/t. For v0/t = 0.01, it appears at σ ≈ 0.73σDcr (near point 4) and
progressively grows up to about 85%. For v0/t = −0.01, it appears only at
σ ≈ 0.94σDcr (near point 5), but grows faster to about 90%.

• The shear mode participation also differs for v0/t = 0.01 and −0.01. In the
former case, modes 15 and 23 emerge (with mode 5) at σ ≈ 0.73σDcr and
their participation is relevant (reaches 12%). In the latter case, these modes
appear only for σ > σDcr and never contribute more than 5%.

• The previous two items fully explain the D distortional post-buckling asym-
metry exhibited by the curves presented in Fig. 14(b). It would be impossible
to extract such an explanation from the results yielded by “conventional”
finite strip or finite element analyses.

• Deformation modes 3 (FMu), 7 (FMw) and 26 + 28 (SMv) play similar
roles for v0/t = 0.01 and −0.01.

The previous “GBT modal analyses” make it possible to assess the relevance
(accuracy and computational efficiency) of including the different deformation
modes in the LP and D post-buckling analyses. Concerning the accuracy, one
compares the results yielded by various “GBT approximate analyses”, involving
only selected subsets of the deformation modes identified in Figs. 15(a)–(c). These
results are presented in Figs. 16 and 17 (for clarity, the lower portions of the curves
are omitted and a larger vertical scale is used) and, for comparison purposes, the
“exact” curves (all deformation modes) are shown again. The curves displayed in
Fig. 16 (LP behavior) show that:

(i) If only modes 1 and 7 are included (dotted curve), the w/t values are very
accurate only up to σ ≈ 0.80σLPcr and progressively loose accuracy. However, the
error never exceeds 15%: e.g., for σ = σLPcr and σ = 1.50σLPcr , one has (w/t)ap =
0.54 and (w/t)ap = 1.32, instead of (w/t)ex = 0.63 and (w/t)ex = 1.51.

(ii) If only modes 1, 7, 9 and 11 are included (dashed curve), the w/t values are
exact up to σ = σLPcr and always remain fairly accurate. The error never exceeds
5%: e.g., for σ = 1.50σLPcr , one has (w/t)ap = 1.44, instead of (w/t)ex = 1.51.

As for the curves displayed in Figs. 17(a) and (b), (D post-buckling behavior
for v0 = 0.01t and v0 = −0.01t), it is to be remarked that
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Fig. 17. Exact and approximate distortional post-buckling paths: (a) v0 < 0 (b) v0 > 0.

(i) If only modes 1 and 5 or 1, 3, 5 and 7 are included, the post-buckling paths
(dotted and dashed curves) for v0 = 0.01t and −0.01t coincide. This means
that the D post-buckling asymmetry is exclusively due to the SMu and SMv.

(ii) If only modes 1 and 5 are included, the v/t values are practically exact up
to σ = 0.75σDcr and σ = σDcr (v0 = 0.01t and −0.01t) and progressively loses
accuracy, particularly for v0 = 0.01t: e.g., for v0 = 0.01t and v/t = 3.0, one has
σap = 1.11σDcr, instead of σex = 0.98σDcr. Including the remaining FM (3 and
7) only improves the solution slightly: e.g., again for v0 = 0.01t and v/t = 3.0,
one now has σap = 1.09σDcr.

(iii) For v0 = 0.01t, including all participating FM and SMu (1, 3, 5, 7, 15 and 23)
improves the accuracy significantly: for v/t = 3.0, one has now σap = 1.02σDcr,
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Table 3. Values of εσ and Tr for (a) LP (b) D (v < 0) and (c) D (v > 0)
post-buckling.

(a) (b) (c)

Modes Tr εσ Modes Tr εσ Modes Tr εσ

1+ 7 5.5 14.1 1+ 5 5.2 4.4 1 + 5 5.3 13.0
+9+ 11 12.6 7.0 +3+ 7 12 3.2 +3+ 7 12.1 11.6
+26+ 28 30.1 2.1 +15+ 23 24.9 2.0 +15+ 23 25.7 3.7
+15+ 17 45.1 0.8 +26+ 28 47.3 1.1 +26+ 28 48.6 1.0

only about 3% above the exact value. This shows that, for v0/t > 0, accuracy
can only be achieved if SM is included.

(iv) For either v0 = 0.01t or v0 = −0.01t, including the 10 most relevant modes
(1, 3, 5, 7, 15, 17, 23, 26, 28 and 30) yields virtually exact results (errors
below 1%).

The computational efficiency (relation between accuracy and CPU time) of the
GBT analyses can be assessed by examining the values given in Table 3 and plotted
in Figs. 18(a) and (b). They show that the accuracy of the approximate results
with the CPU time required to obtain them and consist of: (i) stress errors εσ =
(σap/σex − 1), for w/t = 1.5 (LP) or v/t = 3.0 (D), and (ii) “relative CPU times”
Tr = CPUap/CPUex, where CPUap and CPUex are related to “approximate” and
“exact” (all-mode) GBT analyses.

For the LP behavior, the computational efficiency is remarkable: including just
six modes (1+7+9+11+26+28), one obtains an almost exact result (εσ = 2.1%)
in about 30% of CPUex. For the D behavior with v < 0, the computational efficiency
is even more remarkable: indeed, just two modes (1+5) lead to σap with a 4.4%
error in only 5% of CPUex. Finally, for the D behavior with v > 0, the efficiency is
similar to the LP one: a six-mode analysis (1+3+5+7+15+23) yields an error
of 3.7% in about 25% of CPUex. Finally, note that, all three cases, including eight
modes, lead to virtually exact values (εσ < 1%) in less than half of CPUex.
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Fig. 18. Variation of εσ with Tr for (a) LP and (b) D (v < 0 and v > 0) post-buckling.
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5.3. Z-section columns

Finally, consider Z-section columns with end support conditions, cross-section di-
mensions, node/FE discretizations and initial imperfections identical to the lipped
channel columns analyzed before. Because both columns share the same LP and D
stability behaviour, one again has: LLP = 120 mm, σLPcr = 70.6 MPa, LD = 637 mm
and σDcr = 31.8 MPa. Since the Z-section is point-symmetric, the sign of v0 is now
irrelevant (one flange-lip assembly “opens” and the other “closes”).

As expected, the GBT analyses show that the LP post-buckling paths of the C
and Z-section columns coincide. Thus, the curve displayed in Fig. 14(a) also provides
the LP post-buckling behavior of a Z-section column. On the other hand, the C and
Z-section columns must exhibit distinct D post-buckling behaviors. Indeed, since
the distortion patterns (i.e., v signs) of the two flange-lip assemblies are identical
in C-section columns and opposite in Z-section columns, one anticipates:

(i) The D post-buckling paths associated to each of the Z-section column flange-lip
assemblies to be different — the “closing” should display a stiffer behavior.

(ii) The overall D post-critical strength of the Z-section column to lie between the
post-critical strengths of the “opening” and “closing” C-section columns.

The results shown in Figs. 19(a) and (b), yielded by exact GBT analyses, con-
firm the above assertions. Figure 19(a) addresses the first one and displays the
equilibrium paths related to the bottom and top lip (nodes A and B) displace-
ments: the vA/t (“closing” flange-lip) and vB/t (“opening” flange-lip) curves split
at σ ≈ 1.03σDcr and, naturally, the former exhibits a stiffer behavior. However, the
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Fig. 19. Z-section column distortional post-buckling paths: (a) σ − v and (b) σ − w.
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differences are now much smaller (recall that the paths concern different displace-
ments of the same column).

A meaningful comparison between the overall D post-critical strength of the
three columns (C-sections with v0 = 0.01t and v0 = −0.01t and Z-section with
v0 = ±0.01t) must involve the equilibrium paths related to the mid-web flexural
displacement w (since the D behavior of C and Z-section columns includes web
flexure, one may compare three post-critical strengths concerning the same dis-
placement). The paths are shown in Fig. 19(b) and, as predicted, the Z-section
(solid) curve lies between the two C-section (dashed and dotted) curves: e.g., for
w/t = 0.50, one has σ = 0.975σDcr (C-section with v0 = 0.01t), σ = 1.014σDcr

(Z-section) and σ = 1.059σDcr (C-section with v0 = −0.01t).

6. Conclusion

The paper presented the derivation of a geometrically nonlinear Generalized Beam
Theory, intended to perform elastic post-buckling analyses of isotropic thin-walled
members with open cross-sections (e.g., cold-formed steel profiles). This nonlinear
GBT derivation involved the determination of linear and higher order cross-section
mechanical properties (cross-section analysis) and the establishment of a system
of member equilibrium equations (member analysis). The theory is able to handle
several types of loading and can include arbitrary initial geometrical imperfections.

In order to derive this nonlinear GBT, it was necessary to go well beyond the
available GBT, which is valid for small displacements only. Indeed, this deriva-
tion required considering two additional sets of deformation modes, namely shear
and transverse extension modes, a fact rendering the cross-section analysis more
complex.

After evaluating the cross-section modal mechanical properties and establishing
the GBT system of member nonlinear equilibrium equations (one per deformation
mode), a beam finite element was formulated to solve it, by means of an incremental-
iterative technique employing Newton–Raphson method and arc-length control.

In order to validate and illustrate the application and capabilities of the
nonlinear GBT, several numerical results were presented and discussed. These re-
sults dealt with the local-plate and distortional post-buckling behavior of uniformly
compressed plates and lipped channel and Z-section columns. They consisted of:

• Identification and characterization of the relevant deformation modes.
• Post-buckling equilibrium paths, relating the values of the applied stress σ to the

most appropriate cross-section displacements (w or v).
• Graphs showing the evolution, along a given post-buckling path, of the GBT

deformation mode participation in the member overall deformed configuration.

The equilibrium paths determined by means of the proposed nonlinear GBT
were compared with values obtained from spline finite strip and finite element
analyses. The comparisons showed that all-mode GBT analyses provide virtually
exact results in all cases (errors below 1%). Moreover, it was shown that GBT
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“approximate analyses”, which include just a selected subset of deformation modes,
are very efficient: they yield rather accurate results with significantly less com-
putational effort than the one required to perform “exact” (all-mode) analyses.
Conventional numerical analyses do not offer such a possibility.

The column local-plate and distortional post-buckling analyses made it possible
to:

• Conclude that accurate LP and D results require the inclusion of shear and trans-
verse extension modes. These modes are more relevant in the D case, particularly
for lipped channel columns with “opening” flange-lip assemblies.

• Show that the lipped channel column D post-buckling asymmetry, recently
reported by Prola and Camotim,38 is mostly due to shear deformation effects.
Conventional numerical analyses could not provide such a clear explanation.

Finally, work is underway to apply the nonlinear GBT for the post-buckling
analysis of cold-formed steel members affected by mode interaction phenomena.
The GBT analyses are expected to shed new light on these phenomena and to
provide an efficient tool to assess their relevance.

Appendix

The components of the (i) linear stiffness matrices k1, k2, k3 and k4, (ii) nonlinear
stiffness matrix k5 and (iii) force vectors f1, f2, f3 and f4 are given by

k1 =
2
L3e




2L2e 3Le L2e −3Le

6 3Le −6

2L2e −3Le

sym. 6




k2 =
1

30Le




4L2e 3Le −L2e −3Le

36 3Le −36

4L2e −3Le

sym. 36




k3 =
1

30Le




−4L2e −33Le L2e 3Le

−3Le −36 −3Le 36

L2e −3Le −4L2e 33Le

3Le 36 3Le −36




k4 =
Le

420




4L2e 22Le −3L2e 13Le

156 −13Le 54

4L2e −22Le

sym. 156




k5(1,1) =
1
30

(dj(3) − 10dj(1)) +
6

30L e
(dj(2) − dj(4))

k5(1,2) = −k5(1,4) =
1

5Le
(dj(1) − 2dj(3)) +

6
5L2e

(dj(4) − dj(2))

k5(1,3) =
1
30

(dj(1) + 2dj(3)) +
2

5L e
(dj(4) − dj(2))
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k5(2,1) = −k5(4,1) = − 2
5Le

dj(1) +
3

5L2e
(dj(2) − dj(4))

k5(2,2) = −k5(2,4) = −k5(4,2) = k5(4,4) =
3

5L2e
(dj(1) − dj(3))

k5(2,3) = −k5(4,3) =
2

5L e
dj(3) +

3
5L2e

(dj(4) − dj(2))

k5(3,1) = − 1
30

(2dj(1) + dj(3)) +
2

5L e
(dj(2) − dj(4))

k5(3,2) = −k5(3,4) =
1

5L e
(2dj(1) − dj(3)) +

6
5L2e

(dj(2) − dj(4))

k5(3,3) =
1
30

(10dj(3) − dj(1)) +
1

5L e
(dj(4) − dj(2))

f1 =




L2e
12
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2

−L2e
12
Le

2
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f2 =
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0

1

0
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f3 =


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0

−1

0

1


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f4 =


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0

−qx(0)

0
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.
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