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ABSTRACT: The strength of thin-walled cylindrical shell structures is highly dependent on the nature and
magnitude of imperfections. Most importantly, circumferential imperfections have been reported to have an
especially detrimental effect on the buckling resistance of these shells under axial load. Due to the manufacturing
techniques commonly used during the erection of steel silos and tanks, specific types of imperfections are
introduced into these structures, among them circumferential weld-induced imperfections between strakes of
steel plates. A study on several factors influencing the buckling of silos and tanks was carried out using the
finite-element method. The interaction between neighboring circumferential weld imperfections was investigated,
and it was found that the influence on the buckling behavior depended on the strake height in relation to the
linear meridional bending half-wavelength and the depth of the imperfection. The shape of localized circum-
ferential weld imperfections was found to influence the buckling behavior of silos and tanks. The influence of
a recently developed shape function on the buckling behavior has been examined. The strengthening effect of
weld-induced residual stress fields was also studied, and the extent of the increase in buckling strength was
derived for a large range of cylinder geometries.
INTRODUCTION

Storage bins are an important link in the chain of materials
handling for a large number of industries. In many cases, the
ability of storage facilities to provide a reliable flow of bulk
material determines the success of a plant. Many such storage
bins are manufactured from steel plates and thus belong to the
group of thin-walled shell structures that are renowned for
their ‘‘imperfection-sensitive behavior.’’ Small deviations from
the nominal or perfect geometry result in significant loss of
strength of such structures, where imperfections of just one
wall thickness in magnitude can reduce the axial buckling
stress to only one-third the classical value for perfect cylinders
(Koiter 1945).

Steel silos and tanks are constructed from plates that are
rolled to the correct curvature and welded together to form
strakes. Several strakes of curved plates, placed on top of each
other then form the completed structure (Fig. 1). At each cir-
cumferential weld, a slight hourglass depression occurs form-
ing axisymmetric imperfections that are known to be most
deleterious.

While classical theory works wells to predict the stability
of flat plates and columns, the situation for circular cylindrical
shells is quite different. Taking all the usual simplifications of
classical theory into account, the following can be observed
as illustrated in Fig. 2. All three of these systems show a linear
response until a critical load is reached. Idealized columns
cannot develop transverse stresses to restrain out-of-plane dis-
placements. The response after buckling is therefore unde-
fined. Imperfections cause increased lateral displacements, and
the maximum load is reached asymptotically. The load capac-
ity of flat plates increases even after the critical load has been
reached as transverse tensile stresses work against the growth
of out-of-plane displacements. Again, the postbuckling re-
sponse of the perfect plate is approached asymptotically by an
imperfect plate, smoothing the kink in the load-deflection
curve. The postbuckling response of a perfect cylinder is sig-
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FIG. 2. Postbuckling Behavior of Elastic Flat Plates, Columns, and
Cylinders

FIG. 1. Erection of Circular Silo or Tank

nificantly different. A steep descent in the characteristic can be
observed after the critical load has been reached. Imperfections
can reduce the buckling strength dramatically as the narrow
gap between the prebuckling and the postbuckling segments
of the response curve is bridged at a much lower level.

Plasticity affects the behavior of the three systems in similar
ways as the load capacity of each member drops off once
elastic limits are exceeded. The severest reductions in strength
occur when the yield limit and the critical buckling load are
close to each other.

Calladine (1995) lists three criteria to define imperfection-
sensitive behavior:

• Buckling loads that fall short of the predictions of clas-
sical buckling theory

• Unpredictability of buckling strength, as evidenced by the
wide scatter of experimentally observed buckling loads
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• Unstable, dynamic behavior of the shell after the maxi-
mum load has been reached—leading to catastrophic fail-
ure in some circumstances

Thin-walled circular cylindrical structures have been proven
to show all of the above-mentioned behavior patterns. Buck-
ling loads in laboratory tests are usually scattered. Very small
differences in the amplitude of imperfections can lead to enor-
mous differences in strength. Buckling typically occurs sud-
denly, and dynamic effects distinguish the behavior immedi-
ately after the critical load has been reached.

In Koiter’s original theory (Koiter 1945) and later again in
his special theory (Koiter 1963), axisymmetric imperfections
in the shape of indefinitely extensive sinusoidal waves were
used among other imperfection patterns to determine the im-
perfection sensitivity of thin-walled cylindrical shells. The fact
that axisymmetric imperfections lead to the most dramatic re-
ductions in buckling strength under axial load has been known
since then but did not receive much attention as practical ap-
plications of this imperfection geometry did not exist at the
time. In the late 1960s and early 1970s, the erection of ever
larger silos and tanks led to a change in this attitude as these
structures displayed significant axisymmetric imperfections at
circumferential welds. Research by Tennyson and Muggeridge
(1969), Hutchinson et al. (1971), and Amazigo and Budianski
(1972) investigated localized axisymmetric imperfections and
demonstrated that a single axisymmetric imperfection can still
have a significant effect on the buckling strength of thin-
walled cylinders. Two groundbreaking papers by Rotter and
Teng (1989) and Teng and Rotter (1992) contributed more
research on the topic of circumferential weld-induced imper-
fections using numerical methods. Until then only geometric
imperfections in indefinitely long cylindrical shells were con-
sidered. Rotter (1996) did a limited study that included inter-
action between neighboring welds and residual stresses for a
small number of examples contradicting the only other study
that takes residual stresses into account (Häfner 1982).

Three aspects of axisymmetric imperfections in shell-buck-
ling problems have been investigated, and results will be pre-
sented in this paper. First, a study on parameters of the im-
perfection shape was performed considering previously
proposed shape functions and a newly developed shape func-
tion (Pircher et al. 2000) based on actual measurements on
silos. Second, an investigation was made on the effects of
interaction between neighboring weld imperfections on the
buckling behavior. Third, a parametric study taking into ac-
count weld-induced residual stresses was undertaken, and re-
sults are given to document the influence of weld-induced re-
sidual stress fields on the buckling behavior.

MODEL OF CYLINDRICAL STRUCTURE

A commercially available computer program called ABA-
QUS (Hibitt, Karlsson & Sorensen 1998), which utilizes the
finite-element (FE) method was employed for the structural
modeling. Full shell elements that allow loading and displace-
ments in all directions were used in the buckling analyses as
bifurcation into nonaxisymmetric modes had to be expected.

It was assumed that the strength of the shell structure is
limited by bifurcation into a nonaxisymmetric mode. Elastic-
plastic material properties were considered, but buckling al-
ways took place at stress levels well below the yield level for
the considered examples. The elastic properties were set to
represent steel with an elastic modulus of E = 200,000 MPa
and a Poisson’s ratio of n = 0.3.

Geometric Properties

Due to restrictions in computer capacity, it was decided to
use a cylindrical model of one circumferential weld and half
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FIG. 3. Geometric Parameters of Analyzed Model

a strake above and below this weld (Fig. 3). It was assumed
that variations in the loading are small enough within this lim-
ited region to be negligible and loads were assumed to be
constant within the model.

Perfectly axisymmetric cylinders under axial load are
known to bifurcate into nonaxisymmetric buckling modes (Ya-
maki 1984) consisting of periodic waves around the circum-
ference. Previous studies of the circumferential weld imper-
fection (Tennyson and Mudgeridge 1969; Steinhardt and
Schultz 1970; Rotter and Teng 1989; Berry et al. 2000) have
shown that the buckling patterns are also symmetric about the
weld. A number of different modeling techniques have been
used in the past to take advantage of the periodical symme-
tries. The computationally most efficient simplification is a
model that uses only one half-wave of one particular buckling
pattern. A number of different patterns have to be examined
in order to find the critical buckling mode (i.e., the buckling
mode associated with the lowest load). This approach was used
to derive the results presented in this paper.

A preliminary study was performed to determine the optimal
element mesh for each of the studies. Forty elements in the
circumferential direction and 70 elements in the axial direction
were used with an especially fine mesh near the weld to ac-
commodate the modeling of residual stresses and to accurately
represent variations of shape functions in that area. Full details
of the FE modeling are given in Pircher and Bridge (2000).

Shape of Weld Imperfection

Several shape functions to describe the geometry of a cir-
cumferential weld in a silo or tank have been suggested in the
past (Tennyson and Muggeridge 1969; Steinhardt and Schulz
1970; White and Dwight 1977; Häfner 1982; Rotter and Teng
1989; Fritschi, unpublished paper, 1995; Rotter 1996). Most
of these suggestions are based on theoretical assumptions and
only a few shape functions are loosely based on actual field
measurements of existing structures. A detailed discussion of
all these shape functions can be found in Pircher et al. (2000).
Pircher et al. (2000) also suggest a new shape function given
by

px px2px/lw(x) = w ?e cos 1 z ?sin (1)0 S Dl l

which is based on elastic shell theory and which was calibrated
against measurements taken by Ding (1992) on a silo at Port
Kembla, Australia. It can also be used to give a close approx-
imation to shape functions used by other researchers.



FIG. 4. Buckling Patterns and Boundary Conditions
Interaction between Neighboring
Circumferential Imperfections

Strake heights in silos and tanks are dictated by the size of
steel plates commercially available. This typically leads to
strake heights that are too small to isolate the effects of neigh-
boring circumferential weld imperfections from each other.
Rotter (1996) proposed a system of taking the interaction be-
tween weld imperfection into account, which is based on the
assumptions that neighboring imperfections are equally detri-
mental to the buckling strength. This assumption is rather con-
servative, but it allows the results to be used with confidence
until better data is available. Fig. 4 illustrates possible buckling
patterns and their inclusion in an FE model simply by varying
the boundary conditions (symmetry and antisymmetry) at
strake midheight. Looking at one meridian in the buckled
mode, three combinations of boundary conditions can be de-
fined: S-S (symmetry at strake midheight on both sides), A-A
(antisymmetry at strake midheight on both sides), and A-S
(symmetry at strake midheight on one side and antisymmetry
on the other side) as shown in Fig. 4. Rotter (1996) found that
the A-A condition yields the lowest bifurcation loads and the
S-S condition the highest. Unless otherwise noted, all results
presented here are under the assumption of A-A boundary con-
ditions. A more detailed discussion of the implications and
limitations of this system can be found in Pircher and Bridge
(2000).

Weld-Induced Residual Stress Field

Including residual stresses into a weld imperfection of a
given geometry is a requirement for a number of analyses
performed for the present work. Two approaches to this prob-
lem have been proposed, although the task of modeling resid-
ual stresses in thin-walled shell structures has not been dis-
cussed widely in the literature (Häfner 1982; Holst et al. 1996;
Rotter 1996). In the first approach, which has been chosen by
Häfner (1982), a given pattern of residual stresses is super-
imposed onto the structure prior to the buckling analysis. Rot-
ter (1996), on the other hand, argued that the residual stresses
arise from a physical action (the cooling of the weld and the
lack of fit between plates). This physical action was replicated
in the analysis of Rotter (1996), and a pattern of residual
strains was applied onto the area near the weld. This conse-
quently led to the development of a corresponding stress field.
Both strategies are valid and have their advantages and dis-
advantages. A thorough discussion of these two methods and
a comparison of results are given in Pircher and Bridge (2000).

When a pattern of residual stresses is postulated for a struc-
tural component, this pattern must satisfy equilibrium through-
out the structure. This task is comparatively simple for struc-
tures in which stresses are essentially 1D (i.e., beams, flat
plates, columns, and many others). However, this is not the
case in shells where stresses are 2D and affected by the cur-
vature of the shell. Imposing a reasonable residual strain pat-
tern effectively models the process that leads to the residual
stress field in the vicinity of the circumferential weld. All com-
ponents of the stress field are automatically generated as a
result of the strain loading of the structure. Strain loading ac-
cording to Rotter (1996) was applied inside an area of 4.2 wall
thicknesses from the weld center. This area was assumed to
experience a shrinkage strain equal to the yield strain. Stresses
generated by the residual strain field will also lead to displace-
ments as the structure attempts to relieve some of the ensuing
stresses by deforming. These deformations have to be taken
into account when modeling cylinders with specific imperfec-
tion shapes. The deformations generated by the application of
residual stresses have to be subtracted from the imperfection
of the initial model without residual stress so that the final
model, which later includes the residual stresses, has the de-
sired shape.

RESULTS

Influence of Weld Shape

A shape function describing a circumferential weld imper-
fection based on elastic shell theory [(1)] has been proposed
in Pircher et al. (2000) and has been calibrated against field
measurements gathered by Ding (1992). A parametric study
was performed to investigate the influence of the two key pa-
rameters of this function on the buckling strength of thin-
walled cylinders with a circumferential weld-induced imper-
fection. The two parameters in question are, first, the
half-wavelength of the imperfection l, and, second, the param-
eter z, which indicates the degree of ‘‘roundness’’ at the center
of the weld (z = 0 for a pointy imperfection and z = 1 for a
round shape). The study was performed at first for short cyl-
inders with R = 12,000 mm, R/t = 1,000, and L = 1,500 mm
= 1.62l0. Parameter z was kept constant for z = 0, 0.25, 0.5,
0.75, and 1.0, respectively, and the half-wavelength of the
shape function l was varied. All curves intercept at one point
for l = 1.73l0 (Fig. 5). Before this point, buckling strengths
for z close to 0 are considerably higher than for shapes with
z close to 1. However, for values of l > 1.73l0, this is re-
versed, and shape functions with a rather pointed shape at the
weld were shown to be weaker than more rounded shapes (Fig.
5). To compare these results with results given in Teng and
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FIG. 5. Buckling Strength for Variations of l and z for Short Cylinder

FIG. 6. Buckling Strength for Variations of l and z for Long Cylinder

Rotter (1992), the same series of analyses was performed again
for a ‘‘long cylinder.’’ Results for this second investigation are
given in Fig. 6. Again, all curves intercept in one point, this
time at l = 1.85l0. The corresponding curve in Fig. 6 for z =
1 matches the corresponding curve in Rotter and Teng (1992).
The difference in buckling strength between the two extremes
(z = 1 and z = 0) are of considerable magnitude for half-
wavelengths well away from the intersection point. There is
also a distinct minimum between l = 1.0l0 and l = 2.0l0 for
all curves.

Curves for constant values of l for variations of z are given
in Pircher and Bridge (2000) for both the short and the long
cylinders. Both diagrams clearly show a linear relationship be-
tween the buckling strength and values of z. Linear interpo-
lation between buckling strengths for the two extreme values
of z = 0 and z = 1 is therefore appropriate.

Pircher et al. (2000) give an extensive overview on shape
functions proposed by other researchers. The buckling
strengths for these functions for a short cylinder of R = 12,000
mm, R/t = 1,000, and L = 1,500 mm were determined and are
given in Table 1 for the same imperfection amplitude of w0 /t
= 1.0. Values of buckling strength were found to cover a wide
range from s/scl = 0.238 to 0.470. These imperfection shapes
were then approximated by the new shape function given in
(1) using a least-square fit. The results of this approximation
(values for l/l0 and z) are given in Table 1. These results
indicated a rather wide spread of half-wavelengths of l/l0 and
degree of roundness z. Even for the same magnitude of im-
perfection (w0 /t = 1.0) the shape of imperfection has a signif-
icant effect on the buckling strength as shown in Fig. 7.
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TABLE 1. Result of Least-Square Fit Approximation of Existing
Shape Functions for w0/t = 1.0

Shape function l/l0 z s/scl

Rotter and Teng (1989) B 1 0 0.302
Rotter and Teng (1989) A 1 1 0.247
Rotter (1996) final 2.4 0 0.295
Steinhardt and Schulz (1970) 0.22 1 0.470
Häfner (1982) A 0.53 1 0.308
Häfner (1982) B 0.63 0.42 0.318
Tennyson and Muggeridge (1969) 1.39 1 0.238
Rotter (1996) closed 1.25 0.97 0.251
Rotter (1996) open 3.32 1 0.297
Rotter (1996) best 1.53 1 0.252

FIG. 7. Existing Shape Functions in Context of New Shape Function

Interaction between Neighboring Imperfections

A simple but efficient modeling technique to account for
this interaction was proposed by Rotter (1996). Results given
in Rotter (1996) and Pircher and Bridge (2000) indicate that
the S-S boundary condition yields the highest buckling values
and the A-A boundary condition the lowest. Boundary con-
dition A-S lies between the two extremes but does not give
symmetry at the weld—a condition observed many times in
laboratory tests and failures in practice. The A-S condition was
therefore not considered any further. A comparison of the
A-A condition with the S-S condition over a range of strake
heights and for a cylinder with an R/t-ratio of 1,000 is shown
in Fig. 8. The cylinder marked as ‘‘reference silo’’ in Fig. 8
has the same geometric properties as the silo in Port Kembla,
Australia, which was surveyed by Ding (1992) and on which
much subsequent research was performed [e.g., Rotter (1996)
and Pircher et al. (2000)].

Clearly, the A-A condition leads to significantly lower buck-
ling values than the S-S conditions over the whole range of
strake heights. The nature of the boundary conditions becomes
insignificant for half-strake heights L > 6,000 mm, where both
solutions equal the result for the indefinitely long cylinder. The
buckling strength for the A-A boundary condition reaches a
minimum between L = 1,500 mm and L = 2,000 mm. Re-
markably, this is the region where most of the strakes of the
reference silo at Port Kembla are situated. In the following,
only the A-A boundary condition will be considered.

Various R /t-Ratios

A series of buckling analyses of FE models for four differ-
ent R/t-ratios (R/t = 500, 1,000, 1,500, and 2,000 with R =
12,000 mm) was performed over a large range of half-strake
heights. The shape of the imperfection was modeled after (1)
with parameters l/l0 = 1.73 and z = 1.0. Results for the anal-



FIG. 8. Buckling Strength of A-A and S-S Boundary Conditions and
Various Half-Strake Heights L

FIG. 9. Buckling Strength for Various R/t-Ratios and Half-Strake
Heights L

yses for an imperfection amplitude of w0 /t = 1.0 are given in
Fig. 9.

A perfect thin-walled cylinder buckles in a chessboard type
of pattern, and the A-A conditon leads to similar buckling
patterns (Fig. 4). It comes as no surprise that this particular
boundary condition results in a minimum in buckling strength
where the buckling pattern induced by the A-A boundary con-
dition comes closest to the chessboard pattern of the perfect
cylinder. When the half-strake height becomes too short, the
structure is forced to buckle into modes with more and more
circumferential buckles, and the buckling strength rises again.
However, it can be safety assumed, that once it rises above a
certain limit, the A-A boundary condition will be replaced by
different patterns. Longer half-strake heights also cause an in-
crease in buckling resistance, eventually reaching the buckling
strength of the long cylinder where boundary conditions cease
to have an influence on the buckling strength of the structure.

When the results in Fig. 9 for a constant value of w0 /t =
1.0 are plotted as normalized against the elastic meridional
half-bending wavelength l0, all results were found to fall into
one single curve. In another series of bifurcation analyses,
other imperfection amplitudes were introduced into the FE
model. Results for amplitudes of w0 /t = 0.5, 1.0, and 1.5 are
given in Fig. 10, normalized against the buckling strength of
the long cylinder slong. Fig. 11 gives the buckling strength for
imperfection amplitudes w0 /t < 4.0 for long cylinders. The
combination of Figs. 10 and 11 can be used to determine the
buckling strength s/scl for a wide range of half-strake heights
L and imperfection amplitudes w0 /t. The difference in the
choice of the shape function explains the slight difference be-
FIG. 10. Buckling Strength for Various Imperfection Amplitudes w0 /t
and Half-Strake Heights L in Relation to slong

FIG. 11. Variation in Buckling Strength for Different Imperfection
Amplitudes

tween the diagram given in Fig. 11 and a similar diagram
given in Rotter and Teng (1989).

Weld-Induced Residual Stresses

General Influence on Buckling Behavior

Two papers are known to have discussed the effects of re-
sidual stresses at circumferential welds on the buckling be-
havior of thin-walled cylindrical shell structures (Häfner 1982;
Rotter 1996). These two papers reach different conclusions.
Häfner (1982) reported a decrease of the buckling strength of
their model by up to 10%, while Rotter (1996) concluded that
‘‘Circumferential residual stresses in the welded joint, devel-
oped by shrinkage of the weld, appear to increase the buckling
strength. . . .’’ Holst et al. (1996) cast doubt on the results of
Häfner (1982) by pointing out that equilibrium was not sat-
isfied for an unloaded shell. Ravn-Jensen and Tvergaard
(1987) investigated this effect in longitudinal welds. A thor-
ough discussion of the different modeling approaches is given
in Pircher and Bridge (2000). This confirmed the findings of
Rotter (1996) showing an increase—to different degrees—in
buckling strength due to the presence of a residual stress field.

Circumferential membrane stresses are by far the most in-
fluential component of the stress field induced during the weld-
ing process, and the development of these stresses during the
application of axial loading is shown along one meridian in
Fig. 12. As axial load is applied on the initially stress-free
model, circumferential compressive stresses develop near the
center of the weld, thus creating an area of 2D compression.
When the applied axial load approaches bifurcation load, in-
finitesimally small buckles start to form, which subsequently
cause buckling of the structure. Circumferential compressive
stresses accelerate the development of these prebuckling de-
formations as is shown in Fig. 13(a) (Esslinger 1967).
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FIG. 12. Circumferential Membrane Stresses

FIG. 13. Effect of Circumferential Residual Stresses

In a welded cylinder, circumferential residual stresses reach
yield level in tension at the center of the weld, and even at
the point of buckling under axial stress, this area is still under
considerable tension (Fig. 12). Compressive residual stresses
farther away from the weld typically range from 0.2 to 0.4 of
the yield stress and are further increased by axial compression.
The stabilizing effect of the tension stresses near the weld is
illustrated in Fig. 13(b). With the increase in axial load, the
tensile stresses decrease, and the compressive stresses farther
away from the weld are further increased until a point is
reached where the structure buckles. The second contributing
factor is the presence of axial stresses and the resulting bend-
ing moments. These bending moments can be expected to be-
come relatively more influential in more thick-walled shells
and erode the stabilizing effect of the circumferential mem-
brane stresses.

Residual tensile stresses at the weld typically reach yield
level. The yield stress of the weld metal, which is deposited
between two adjoining plates, is usually higher than the yield
stress of the rest of the structures. This consequently leads to
residual stress peaks at the weld. This effect was taken into
account during a series of analyses where material properties
were set in such a way that residual stresses locally at the weld
reached up to four times the yield stress of the surrounding
structure. The width of this strip was varied from extremely
thin to about one wall thickness. The buckling strength using
these FE models was found to be practically unchanged by
these variations (Pircher and Bridge 2000).

Different R /t-Ratios

The two competing effects of residual stresses—the
strengthening tension band of the circumferential residual
membrane stresses on the one hand and the weakening effects
of axial bending caused by residual stresses in the axial direc-
tion on the other hand—can be expected to lead to different
degrees of influence on the buckling strength of cylinders with
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FIG. 15. Bifurcation Stresses for Various Bifurcation Modes for Ini-
tially Stress-Free Cylinders

FIG. 14. Bifurcation Stress for Critical Modes for Different R/t-Ratios

different R/t-ratios. An extensive study was undertaken to in-
vestigate this influence including cylinders with R/t-ratios be-
tween 500 and 2,000 for a cylinder with R = 12,000 mm. The
half-strake height was kept to L = 1,500 mm and the imper-
fection amplitude to w0 /t = 1.0.

The bifurcation stress for the critical modes is plotted in
Fig. 14, first, for an FE model of a cylinder including a resid-
ual stress field, and, second, for a cylinder of exactly the same
geometry but initially stress-free. At first sight, the lower curve
in Fig. 14 seems to contradict the curve given in Rotter and
Teng (1989) for long cylinders. However, this is not the case
as the curves given in Fig. 14 also include the effects of the
chosen half-strake height L = 1,500 mm (Fig. 10). Buckling
strengths for the long cylinder (L /l0 > 8) proved to be constant
for all R/t-ratios and almost exactly matched the diagram given
in Rotter and Teng (1989). The remaining small differences
could be explained by the fact that a different shape function
for the imperfection geometry was used. The maximum gain
for a cylinder with R/t = 2,000 is shown to be just under 7%
of scl. This is a considerable increase since the buckling
strength of the stress-free cylinder was found to be at just over
25% of scl.

Pircher and Bridge (2000) give detailed results for a number
of bifurcation modes in addition to the critical mode for each
R/t-ratio considered in this investigation. The number of bi-
furcation modes in close proximity to the critical mode in-
creases considerably for higher values of R/t. It was also
shown that the difference in strength between initially stress-
free models and models including residual stresses becomes
slightly smaller for bifurcation modes smaller than the critical
mode, and this gap was found to open up slightly for modes



FIG. 16. Bifurcation Stresses for Various Bifurcation Modes Including
Effects of Weld-Induced Residual Stresses

FIG. 17. Influence of Residual Stresses for Various Imperfection Am-
plitudes w0 /t

greater than the critical mode. These results have been used
to produce the diagrams given in Figs. 15 and 16. The lower
envelopes of these results (i.e., the critical modes) are those
shown in Fig. 14. The diagrams in Figs. 15 and 16 give an
indication of how the curves for given bifurcation modes flat-
ten out for increased values of R/t to result in clusters of buck-
ling modes in the close vicinity of the critical mode (lowest
value of s/scl).

Imperfection Amplitude

The influence of the imperfection amplitude in combination
with weld-induced circumferential residual stress fields was
investigated for cylinders of a half-strake height of L = 1,500
mm, R = 12,000 mm, and various R/t-ratios (500, 1,000,
1,500, and 2,000). The results for the four different cylinder
geometries are shown in detail in Pircher and Bridge (2000).
The increase in buckling strength due to the effect of the re-
sidual stress field (Fig. 17) is much greater for the more thin-
walled shells (large R/t value) with small imperfections (small
w0 /t value) than for thick-walled shells (small R/t value) with
large imperfections (large w0 /t value). The greatest gain of
almost 10% of scl increase was recorded for small imperfec-
tion amplitudes (w0 /t = 0.2) in the most thin-walled shell in-
vestigated (R/t = 2,000). Again, this represents quite a re-
markable increase in the buckling strength for shells of such
a high slenderness.

CONCLUSIONS

Three aspects regarding the buckling of thin-walled cylin-
drical shell structures with circumferential weld-induced im-
perfections have been investigated: the influence of the shape
of the weld on the buckling behavior; the interaction between
neighboring weld imperfections; and the influence of weld-
induced residual stress fields on the buckling behavior. Param-
eter studies were performed to study these problems for a
range of cylinder geometries. The following conclusions can
be drawn.

The shape of the imperfection has been found to play an
important role in the buckling behavior. The shape function
given in (1) has been shown to be a reliable tool to explain
the influence of the shape of the weld imperfection on the
buckling behavior. The buckling strength was shown to fluc-
tuate greatly depending on the particular shape of the weld.
The roundness of the imperfection at the weld center and the
wavelength of the imperfection have been shown to be the
governing parameters.

Interaction between neighboring imperfections is an impor-
tant factor. Strake heights commonly used in silos and tanks
do not isolate the effects of circumferential welds on the buck-
ling behavior. Diagrams have been given to determine the
weakening effect of this interaction on the buckling strength
depending on imperfection amplitude, R/t-ratio, and half-
strake height.

Residual stresses are invariably introduced during the weld-
ing process and have a strengthening effect on the buckling
behavior. Circumferential residual membrane stresses are re-
sponsible for this strengthening and can be viewed as internal
tension bands around the circumference at the weld. The sec-
ond contributing factor is the presence of axial stresses and
the resulting bending moments. These bending moments can
be expected to become relatively more influential in more
thick-walled shells and erode the stabilizing effect of the cir-
cumferential membrane stresses. Diagrams have been provided
to determine the degree of this strengthening effect taking into
account variations in R/t-ratio and imperfection amplitude. The
strength gain is greater for more thin-walled shells and for
smaller imperfection amplitudes.
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NOTATION

The following symbols are used in this paper:

D = elastic axial bending stiffness;
E = modulus of elasticity;
L = half-strake height of silo or tank;
m = number of circumferential buckling waves;
R = radius of thin-walled cylinder;
t = wall thickness of thin-walled cylinder;

w0 = radial displacement at circumferential weld imperfection;
x = meridional coordinate measured from weld position;
z = parameter defining degree of roundness at tip of weld;
l = half-wavelength of shape of weld imperfection;

l0 = linear meridional bending half-wavelength of thin-walled
cylinder 2[ = p Rt/ ];Ï ' 2.444 Rt12(1 2 n ) ÏÏ

n = Poisson’s ratio;
scl = axial buckling stress according to classical theory

;2[ = E ? t/(R 3(1 2 n )) ' 0.605(E ? t) /R]Ï
slong = buckling strength of long thin-walled cylinder; and

sw = circumferential membrane stress.


